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ABSTRACT 
 
Statistical Estimation of Two-Body Hydrodynamic Properties Using System 
Identification.  (August 2009) 
Chen Xie, B.S., Ecole Spéciale des Travaux Publics; 
M.S., Ecole Spéciale des Travaux Publics; 
M.S., Texas A&M University 
Chair of Advisory Committee: Dr. John M. Niedzwecki 
 
 
A basic understanding of the hydrodynamic response behavior of the two-body system is 
important for a wide variety of offshore operations.  This is a complex problem and 
model tests can provide data that in turn can be used to retrieve key information 
concerning the response characteristics of such systems.  The current study demonstrates 
that the analysis of these data using a combination of statistical tools and system 
identification techniques can efficiently recover the main hydrodynamic parameters 
useful in design.   
 
The computation of the statistical parameters, spectral densities and coherence functions 
provides an overview of the general response behavior of the system.  The statistical 
analysis also guides the selection of the nonlinear terms that will be used in the reverse 
multi-input / single-output (R-MI/SO) system identification method in this study.  With 
appropriate linear and nonlinear terms included in the equation of motion, the R-MISO 
technique is able to estimate the main hydrodynamic parameters that characterize the 
offshore system.  In the past, the R-MISO method was primarily applied to single body 
systems, while in the current study a ship moored to a fixed barge was investigated.  The 
iv 
 
 
formulation included frequency-dependant hydrodynamic parameters which were 
evaluated from the experimental measurements.  Several issues specific to this extension 
were addressed including the computation load, the interpretation of the results and the 
validation of the model.  Only the most important cross-coupling terms were chosen to 
be kept based on the estimation of their energy.  It is shown that both the heading and the 
loading condition can influence system motion behavior and that the impact of the wave 
in the gap between the two vessels is important.  The coherence was computed to verify 
goodness-of-fit of the model, the results were overall satisfying.  
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1. INTRODUCTION 
 
 
Interest in two-body hydrodynamic problems is gaining increasing attention due to the 
frequent use of closely positioned floating platforms in a variety of offshore operations.  
Tandem offloading is a common and safe practice whereas side-by-side arrangement 
presents more challenges due to its complex hydrodynamic interaction.  However this 
latter configuration is more desired for certain operations, the best example being the 
quickly expanding exploration of Liquid Natural Gas (LNG).  The offloading operations 
from the LNG terminal to the LNG carrier are conditioned by the arm-length of LNG 
off-loading lines and are also somewhat constrained by the fragility of the transportation 
lines due to extreme low temperature of the transferred flow.  The side-by-side 
configuration is more adapted in this situation for both design and economical purposes.  
The complexity of the motion behavior of such systems is influenced by interaction 
effects including diffraction, radiation and in particular the wave field between the 
platforms.  The configuration of the two-body system, which includes the size and the 
shape of the structures, the separation distance between them, the heading condition, as 
well as the stiffness of the various mooring and docking connections, will be important 
factors that influence the response behavior of the vessels. 
 
Like more basic single body systems, two-body systems are characterized by their 
hydrodynamic parameters.  The knowledge of the values of these parameters is 
important for it allows for one to better design the system behavior thus reducing aspects 
of the response behavior.  System identification is a proven method that can be used to 
extract information about the system parameters directly from recorded or simulated 
excitation and corresponding response time series. 
 
1
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In the current study, it is attempted to use system identification method, more precisely 
one called Reverse Multi-Input / Single-Output (R-MISO) method, to solve for two-
body hydrodynamic problems.  A review of both topics in open literature is developed in 
the following sections aiming to provide insight to the basis of this new approach.  
Tables 1 and 2 present a summary of some selected papers relevant to respectively the 
two body hydrodynamic problem and the R-MISO method.  They illustrate the variety of 
existing applications and methodologies.   
 
 
1.1. Two-body system hydrodynamic problems 
 
For research addressing side-by-side moored two-body systems, a fair amount of studies 
have been dedicated to investigate the complex hydrodynamic behavior of such systems. 
Some of the most fundamental work in this field includes the study by Ohkusu (1976) 
who proposed a strip theory based method to evaluate the interaction forces for a multi-
body system consisting of slender bodies.  Van Oortemerssen (1981) was the first to 
apply the three dimensional source distribution method, a common form of the Boundary 
Integral Method (BIM), for motion analysis of two floating bodies with more arbitrary 
geometries.  Subsequently Taylor and Zietsman (1982) introduced the use of Finite 
Element Method (FEM) in the field with the development of a combined method: FEM 
for fluid region near the bodies and BIM for the far field region.  
 
Among the most recent reported studies, Huijsmans et al. (2001) investigated the 
hydrodynamic interaction effects in both the first order motions and the mean second 
order drift forces on a pair of closely positioned FPSO and LNG carrier.  It was shown 
that the simplification of using free floating single body hydrodynamics to study the 
multi-body hydrodynamics is not feasible in side-by-side arrangement with small gap 
distance.  A linear potential solver was used for the computation and the importance of 
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having sufficient number of panels and of applying a lid to circumvent the 
overestimation of the wave velocities was discussed. 
 
Frequency-domain analysis using techniques such as linear potential theory based 
methods as mentioned above is fast and efficient, it is however impossible to derive 
cause-reaction chains of a multi-body system.  Time domain analysis on the other hand 
can address this issue and account nonlinear effects although computationally 
cumbersome.  In order to take advantage of both methods, Clauss and Jacobsen (2005) 
proposed a transformation method where the response amplitude operators from frequency 
domain were converted to impulse response functions by using Fourier transformation.  
The example of a crane semi-submersible / transport barge system was used for 
illustration.  Besides the efficiency of the method, it was shown that a wave train 
containing a wave packet with resonance components can be more dangerous than a single 
high wave. 
 
For simplicity, researchers may choose to neglect the cross-coupling terms in a two-body 
problem.  However, Koo and Kim (2005) demonstrated the importance of these terms in 
side-by-side mooring configurations.  They used a time-domain coupled dynamics 
analysis program to study the relative motions of two floating platforms.  More precisely 
an exact method called Combined Matrix Method (CMM) was adopted where all vessel 
and line dynamics as well as the hydrodynamic coefficients were included in a combined 
matrix.  The results were found to be much more accurate compared with those obtained 
using two typical approximation methods not taking into account the diagonal terms: the 
Separate Matrix Method (SMM) and the No-Hydrodynamic Interaction Method (NHI).   
 
The wave field near a two-body system were investigated by Teigen and Niedzwecki 
(2006).  The wave loads and wave interaction effects on a side-by-side moored twin 
barge system were computed using both first and second order hydrodynamic theories.  
Extensions to the standard industrial software WAMIT allow one to address the 
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dominant viscous behavior presented in this configuration (Niedzwecki, 2007).  It was 
observed that large wave amplification can occur in the gap between the two vessels for 
short periodic waves and that second order wave effects may result in important wave 
amplification at the trailing end of the vessels.  Note that WAMIT, a panel method based 
code, is used in many studies for the numerical simulation of wave load and offshore 
structure motions.  In experimental studies, it provides a good reference for comparison. 
 
Due to the increasing number of LNG offloading operations, the effects of tank sloshing 
on the vessel motions became a topic to explore.  In a study performed by Lee and Kim 
(2008), the dynamic coupling between the floating-body motions and the inner-tank 
sloshing was investigated in time domain.  The coupling of the tank sloshing program and 
the vessel motion program during the time marching ensured the possibility to assess the 
influence of the tank sloshing on vessel motions.  It was found that the vessel motions can 
be significantly increased if the wave frequency peak is close to the sloshing natural 
frequency and that the tank liquid motion and the vessel motion can be intensified due to 
multi-body interaction.   
 
Along with numerical methods, experimental studies have played an important role in 
validating and refining the numerical scheme.  When Buchner et al. (2001) was 
developing a numerical time domain simulation model for the prediction of the 
hydrodynamic response of a moored LNG FPSO and LNG carrier system, results of 
dedicated model tests were used to validate and extend the model.  The comparison 
between simulation results and model testing data lead to several additional 
implementations aimed to improve the existing model.   The application of a free surface 
lid in the diffraction analysis and the inclusion of viscous damping improved 
respectively the prediction of drift forces and low frequency motion response.  And it 
was demonstrated that the use of the complete matrix of retardation functions in time 
domain is essential for the correct prediction of the main motions and mooring behavior. 
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Van der Valk and Watson (2005) studied experimentally the motion behavior of LNG 
vessels in both side-by-side and tandem mooring configurations.  Tests were performed 
under different directional sea states and the results provide useful insight into the 
relative motions and the connection line forces.  Combined with the operational limits 
unique to LNG vessels, the analysis result showed the pros and cons of both 
configurations. 
 
Fournier et al. (2006) performed a calibration study by comparing the experimental 
results with simulation results provided by commercial diffraction packages, namely 
WAMIT and HYDROSTAR, with special focus on the resonance in the gap between 
vessels.  It was pointed out that accurate linear damping coefficients needed to be 
obtained experimentally for implementation into the diffraction software because the 
latter does not account for viscous dissipation. 
 
Teigen and Niedzwecki (1999) and Xie et al. (2008a) analyzed a coupled mini-TLP and 
tender barge system subject to benign sea conditions based on the experimental data 
obtained during model testing.  The former study validated the design of this 
configuration including that of the soft connection consisted of fender and mooring lines, 
with particular focus on the coupled motion responses under design ultimate limit state.  
The latter utilized statistic analysis to further investigate the coupled motions between 
the mini-TLP and the barge.  A similar scheme was used in a more recent study by the 
same authors to investigate a ship moored to a rigid barge (2008b), the procedures 
presented provide an important part of the current research study. 
 
 
1.2. Reverse Multi-Input/Single-Output (R-MISO) system identification method 
 
System identification in general is a procedure that selects a model structure, then 
computes and evaluates the model’s properties.  It is repeated until the results deem to be 
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satisfactory.  There is no unique way to describe a system and estimate such 
descriptions, which results into various versions of system identification methods.  They 
can be classified as parametric and non-parametric in either time domain or frequency 
domain.  Imai et al. (1989) reviewed some of the most commonly used methods relevant 
to the identification of dynamic behavior of structures under various environmental 
loads.  These include techniques based on least squares, instrumental variable and 
maximum likelihood for linear systems, and a technique utilizing extended Kalman filter 
for nonlinear systems.   
 
One can further narrow down the application of system identification method to ocean 
engineering field.  Kalman filter, a recursive filter that estimates the state of a dynamic 
system from a series of noisy measurements, was used by Yun and Shinozuka (1980) to 
identify hydrodynamic coefficients associated with the Morison’s equation.  Another 
technique called neural network approach (Haddara and Xu, 1998) was adapted from 
aeronautic applications.  In this approach, the input feeds into first layer ‘neurons’, and 
the outputs of this layer feed into ‘neurons’ of the second layer and so on.  All unknown 
parameters of a ship are lumped together in one function that can be uniquely 
determined using the neural network identification technique.  Estimation-before-
modeling technique was also originated from aeronautic applications and can be used for 
ship maneuvering problems (Yoon and Rhee, 2003).  It is a two-step procedure using 
first extended Kalman filter and modified Bryson-Frazier smoother to estimate motion 
variables and hydrodynamic force before estimating the hydrodynamic coefficients by 
means of regression analysis.  In a recent study, Varadarajan and Nagarajaiah (2008) 
developed a Hilbert transform based algorithm for the identification of the response of 
offshore systems.  Hilbert transform was applied on the input data and the intrinsic mode 
functions related to the structure response. Frequency response function is then used to 
represent the result of Hilbert transform identification.  
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Besides the above mentioned works, a group of studies were dedicated to a method 
called the Reverse Multi-Input / Single-Output (R-MISO) technique which is a major 
focus of the present investigation due to its robustness and adequacy for nonlinear 
system application.  The procedure reverses the roles of input and output functions of a 
given model in order to convert a nonlinear system with feedback to a set of linear 
systems without feedback.  The removal of the feedback term eliminates the otherwise 
required time-consuming iterative procedures.  For this reason the R-MISO method 
performs better than the conventional direct method when analyzing nonlinear systems.  
This frequency domain analysis tool can also assess the individual contributions of each 
parameter in the proposed nonlinear model.  One of the advantages of this method is its 
flexibility for the choice of nonlinear terms whose suitability to the model can be 
revealed by computing the final coherence functions. 
 
The origin of the R-MISO method can be traced back to Bendat and Piersol’s paper 
(1982) on single input / single output (SI/SO) square law systems.  A procedure was 
proposed where the single input and its squared value were both used as input data; by 
such manipulation the original SI/SO system becomes a two-input / single output 
(TI/SO) system.   
 
In 1988, Rice and Fitzpatrick extended this approach to analyze arbitrary nonlinear 
dynamical systems in the frequency domain using spectral methods.  The R-MISO 
technique procedure was later discussed in a paper on the identification of damping 
coefficient in a SDOF system (1991a).  The same year, the reverse path technique was 
extended to the application to a MDOF nonlinear system (Rice and Fitzpatrick, 1991b).  
It was advised to consider different excitation conditions to check the consistency of the 
identified parameters. 
 
The procedure of the R-MISO method was presented in detail by Bendat (1990) and in 
his subsequent works (Bendat et al., 1992, 1993).  The spectral analysis techniques used 
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for the method were explained and many classes of practical engineering systems 
featuring nonlinearities in parallel and in series were presented.  The description of the 
relationship between nonlinear system input and output as well as the techniques for 
conditioning these data laid the foundation for the R-MISO method.  Different types of 
nonlinear systems including Duffing, Van der Pol, Mathieu, and Dead-Band systems 
were simulated in order to validate the method.  It was found that it correctly identified 
nonlinear system parameters even for nearly-linear systems.  Physical parameters 
described with memory functions of exponential analytical form can also be identified 
using the same technique as demonstrated by Bendat et al. (1995).  The application of 
the R-MISO method was later illustrated by the case studies of a naval frigate and a 
barge (1998) with special nonlinear models.  Applications for more complex MDOF 
systems in the oceanographic, automotive and biomedical fields were also presented in 
this publication.   
 
In a study conducted by Narayanan and Yim (2000), the nonlinear damping coefficients 
were successfully identified using the R-MISO method. Comparison was done for three 
different models: nonlinear-structure linearly-damped model, nonlinear-structure 
coupled hydrodynamically-damped model, and nonlinear-structure nonlinearly-damped 
model.  The last one was found to be the most appropriate model and this demonstrates 
the importance of the quadratic restoring force polynomial term to the nonlinear 
coherence estimates of the model. 
 
Selvam and Bhattacharyya (2001) developed an iterative scheme for the identification of 
the hydrodynamic coefficients in the relative velocity model based upon Morison’s 
equation.  Four different data combination scenarios were considered.  Their findings 
showed that the R-MISO approach was robust for both weak and strongly nonlinear 
systems.  More recently (2006), they studied the coupled surge-pitch response of a 
moored floating body in random waves and applied the system identification method to 
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analyze not only the frequency dependent diagonal terms, but also the off-diagonal terms 
of the added mass and damping matrices.    
 
Niedzwecki and Liagre (2003) studied a single marine riser with general damping 
restoring types of nonlinearities in random seas.  Mathematical marine partial 
differential equations were derived and the formulation is verified by using both 
simulated white noise wave excitation and measured test data.  The R-MISO method 
was used in these cases and it was shown that it can accurately recover frequency 
dependant hydrodynamic parameters for each mode of vibration.  They extended this 
methodology formulation to investigate the motion behavior of a mini-TLP (Liagre and 
Niedzwecki, 2003).  In their study they illustrated the use of rigid hull data in the 
analysis of the compliant platform.  Bounds were set for frequency range of interest 
determined by coherence analysis.  The predominant surge, pitch and heave motions, as 
well as their cross-coupling were investigated.  The overall results showed that the 
proposed model was fine and demonstrated a strong consistency for the predominant 
surge motion. 
 
Rodrigues and Falzarano (2001), Cheng and Falzarano (2003), then Falzarano, Cheng 
and Rodrigues (2004) studied the transit draft heave motion of a Mobile Offshore Base 
(MOB) in both head and beam seas.  Because of the inherent nonlinearities of the MOB 
due to minimum freeboard as well as green water over the pontoon tops, the R-MISO 
method was shown to be a robust tool for the applied case.  In head sea configuration, it 
was found that for large amplitude nonlinear motions of the MOB, the cross-coupling 
added mass and linear damping coefficients are non-zero due to the asymmetric 
immersion of the lower hull and would not have been identified with numerical 
simulation.  In beam seas, the R-MISO method identified a significant nonlinear heave 
damping compared to a nonlinear roll damping expected for conventional ships. 
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1.3. Research objective 
 
To the author’s best knowledge, the application of the R-MISO method was reported in 
open literature only for single body systems.  The current research has the objective to 
extend the application of this method to two-body systems.  Due to the complex motion 
behavior of multi-body systems the nonlinear terms to be used in the equation of motion 
may not always be evident.  A pre-analysis of the motion and mooring force time series 
is needed to establish the appropriate mathematical model based on the understanding of 
the physical properties of the system.  Statistical tools can be used to perform this pre-
analysis. 
 
A two-body system consisting of a moored ship and a fixed barge will be used as 
example of illustration throughout the text.  In the first part of this study, statistical tools 
including statistical parameters, spectral densities and coherence functions will be used 
to provide an overview of the general response behavior of the ship and barge system.  
The R-MISO method will then be applied to the single barge for the illustration of the 
method and for comparison purpose.  And finally the reverse method will be extended to 
the ship and barge two-body system.  Several issues specific to its application to two-
body systems need to be solved including the computation load, the cross-coupling 
between the vessel motions, as well as the interpretation of the results.  Three case 
studies will be discussed including the barge pitch motion for comparison with the same 
motion in the single body case, the ship roll motion in head seas to show the effect of 
interaction and finally the vertical ship heave motion in both head and quartering seas.      
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2. STATISTICAL ANALYSIS OF THE TWO BODY HYDRODYNAMICS 
 
 
In this section, the use of statistical methods for the analysis of the hydrodynamic 
response behavior of a two-body system will be presented.  Tools such as the usual 
statistical parameters, spectra and coherence functions were used to assess the general 
behavior of the system as well as the pattern of the mooring line and fender forces in 
random seas based on the experimental data obtained during the model tests. The 
causality between them, namely the effect of the relative movement on the connection 
system, was examined.  The effect of tank waves on the general behavior of the system 
will also be discussed.  The steps described here, as well as those on the system 
identification analysis in the next section, are general and applicable to many different 
cases.  But for clarity the example of a moored ship and barge system will be used for 
illustration throughout the text.  
 
 
2.1. Presentation of the ship / barge system 
 
In the current study, a side-by-side moored two-body system consisting of a ship and a 
deep draft barge was investigated.  The specification of this barge and ship system was 
developed based upon consideration of the loading and offloading operations for 
liquefied natural gas.  The prototype ship had an overall length (LOA) of 187.1m, a 
beam of 25.6m.  Its draft was variable and depended on the ship board cargo with 8.26 
being the deep draft value and 4.76m the shallow draft.  The ship contains three tanks of 
dimension 12.70m ×15.24m×16.2m (length×width×height).  The barge had a length of 
160m with a beam of 60m.  The draft of the barge relevant to the current investigation 
was set at 15m.  The vessels were side-by-side moored together using two sets of two 
mooring lines, one set toward the bow and the other one toward the stern.  Similarly, one 
fender system at each half of the vessels was installed.  The instrumented fender system 
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was used to monitor the forces between the vessels.  A sketch of the two-body system 
indicating the approximate location of the mooring lines and fenders, as well as that of 
the three tanks on the ship is illustrated in Figure 2.1.  Complete information on the 
positive polarities of the vessel motions and those of the mooring line and fender forces 
is listed in Table 2.1. 
 
The 1:50 model scale tests were performed at Offshore Technology Research Center 
(OTRC) in College Station, USA.  The complete test program included basic single and 
twin barge configurations in addition to the barge / ship configuration studied in the 
present research work, subject to white noise, regular, random and directional waves.  A 
total of slightly over 500 test runs were recorded with the number of channels of data per 
test varying from 12 for the wave calibrations to 66 for the later tests of the ship moored 
to the barge.  Instruments such as wave gages, accelerometers, load cells, optical 
tracking, etc. were employed to obtain the desired measurements. The selection of the 
load cells was based upon initial estimates of wave forces and moments obtained using 
the industry standard code WAMIT (Niedzwecki, 2007).  The load cells provided direct 
measurement of surge, sway and heave (translational motions) forces and the pitch, roll 
and yaw (rotational motions) moments on the rigid barge and ship.  In addition, 
measurements obtained by accelerometers were used for the derivation of necessary 
information needed for system identification analysis.  For the measurement of wave 
elevation inside the tanks, only the aft tank was instrumented with six wave gages.  The 
mooring lines were modeled using springs lines whereas the fender was modeled by 
mean of spring rods fixed on the ship with roller contact on the barge.  When the 
mooring springs were calibrated, the measured spring constants were 0.27448 lbs/inch 
for bow line #1, 0.27262 lbs/inch for bow line #2, 0.27626 lbs/inch for stern line #1 and 
0.27343 lbs/inch for stern line #2.  In prototype scale, the density difference between 
fresh water and salt water was taken, these values were respectively 578 N/m, 575 N/m, 
582 N/m, and 576 N/m.  
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Surge 
motion 
Sway 
motion 
Heave 
motion 
Roll 
motion 
Pitch 
motion 
Yaw 
motion 
Mooring 
line force 
Fender 
force 
Toward 
bow 
Toward 
port Up 
Port side 
up 
Bow 
down 
Counter 
clockwise 
from 
above 
Tension Compres-sion 
 
Table 2.1 Positive polarities of the vessels motions, mooring line and fender forces. 
 
 
 
 
 
 
Figure 2.2 Model ship / barge system in head seas configuration 
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A picture of the ship-barge system taken during the model testing is presented in Figure 
2.2. The origins of barge-fixed and ship-fixed coordinate systems are at keel / midship / 
centerline because it is preferable to pick a reference point that would remain constant 
considering the fact that different vessel drafts were tested. 
 
The present study focuses upon the analysis of the experimental data related to this barge 
/ ship system in random seas.  A mild operational environment was simulated with a 
wave of significant wave height of 2m and period of 10.2s.  The barge was fixed via the 
six degree of freedom load cell configuration during the testing whereas the ship was 
moored with a gap width of 8m between the two vessels.  Both head seas (0°) and 
quartering seas (45° and -45°) conditions were tested for comparison.  Different load 
levels of the ship, namely 80% water filled tanks vs. 10% filled tanks, were considered 
for each heading condition in order to assess the effect of the loading condition on the 
response behavior of the vessels.   Note that the tests at 45° heading were performed 
only for the 80% filled condition. 
 
 
2.2. Overall motion behavior 
 
The barge was fixed by the 6 DOF load cell at its center during the model tests, thus the 
translational motions can be considered as zero.  However some barge rotations were 
observed due in part to the large size of the barge.  Table 2.2 indicated the standard 
deviation of the three rotational motions of the barge that are roll, pitch and yaw, each of 
them compared to the corresponding values of the ship motions.  It is clear that all the 
three rotational motions are much smaller in the case of the barge, especially for the roll 
motion.  For this reason, in the subsequent studies the barge roll motion will be 
neglected in the analysis of the two body system motion behavior as it does not 
contribute to any relative movements.  The pitch and yaw motions, although they remain 
small, will be kept for the sake of the completeness of the analysis and to insure the 
18 
 
 
accuracy of the mooring line and fender force decomposition discussed in a later section.  
Note that the barge pitch and yaw motions were derived from the measured acceleration 
data using an integration algorithm in frequency domain and a geometrical derivation 
explained in Appendix A.   
 
The relative movements between the two bodies can be used to study the overall motion 
of the two body system.  They are simply obtained by subtracting the barge motion from 
the ship motion.  Table 2.3 provides a listing of the means, standard deviations and 
extreme values of the motions in all six degrees of freedom in both head and quartering 
seas for 80% loaded and 10% loaded tanks.  All these time series can be roughly 
considered as normally distributed considering their skewness and kurtosis.   
 
A noticeable difference between the 80% and 10% filled cases, as shown in Table 2.3, is 
the higher surge fluctuation for the system with shallow draft ship.  It is understandable 
that when the tanks contain less fluid the ship is more sensitive to the incident waves due 
to its lighter weight.  Another interesting observation is that the relative roll motion is 
important in the head seas configuration although the two bodies are symmetric in the 
longitudinal direction.  This phenomenon is due to the hydrodynamic interaction 
between the two vessels, more specifically the action of a pumping wave developed in 
the gap between the barge and the ship.   
 
The -45° heading configuration corresponds to the case where the ship is shielded from 
the incident wave by the barge and when the 45° heading configuration occurs the ship is 
exposed.  The standard deviation of the motions show large fluctuation in all the six time 
series of the relative motions in the exposed case compared to the shielded and head seas 
configurations.  This result indicated that the shielding effect provided by the barge was 
able to effectively reduce the overall motions of the ship.  The magnitude of the motion 
fluctuations in the shielded case is similar to that of the head seas configuration.
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 80%, 0° 80%, -45° 80%, 45° 10%, 0° 10%, -45° 
Barge roll 0.005 0.01 0.01 0.004 0.01 
Ship roll 0.47 0.39 1.11 0.39 0.32 
Barge pitch 0.10 0.18 0.09 0.10 0.18 
Ship pitch 0.36 0.48 0.86 0.40 0.44 
Barge yaw 0.03 0.05 0.04 0.03 0.05 
Ship yaw 0.21 0.18 0.31 0.17 0.17 
 
Table 2.2 Comparison between the standard deviations of the barge and ship rotation 
motions (unit: degree)   
 
 
 
 80% 10% 
µ σ min max µ σ min max 
Head  
seas 
 
(0°) 
Surge -0.53 0.03 -0.63 -0.45 -0.08 0.15 -0.62 0.41 
Sway -0.02 0.17 -0.59 0.77 -0.35 0.13 -0.88 0.34 
Heave 0.08 0.22 -0.72 0.95 1.22 0.20 0.46 2.04 
Roll -0.08 0.47 -1.94 1.82 -0.01 0.39 -1.59 1.84 
Pitch 0.05 0.29 -1.02 1.18 -0.17 0.33 -1.33 1.04 
Yaw 0.01 0.21 -1.03 0.81 -0.02 0.17 -0.93 0.53 
Quartering 
seas 
 
(-45°) 
Surge -13.0 0.02 -13.16 -12.96 -12.8 0.15 -13.47 -12.22 
Sway 5.29 0.12 4.80 5.81 5.12 0.11 4.71 5.51 
Heave -0.03 0.17 -0.68 0.61 1.21 0.17 0.59 1.84 
Roll -0.19 0.39 -1.89 1.48 -0.29 0.32 -1.43 0.98 
Pitch -0.05 0.56 -2.17 2.04 -0.11 0.52 -2.16 1.91 
Yaw -0.00 0.20 -0.81 0.74 -0.08 0.19 -1.01 0.78 
Quartering 
seas 
 
(45°) 
Surge 12.10 0.47 10.80 13.47 -- -- -- -- 
Sway 4.88 0.31 3.82 5.88 -- -- -- -- 
Heave 0.37 0.46 -0.19 2.19 -- -- -- -- 
Roll -0.10 1.11 -4.77 4.61 -- -- -- -- 
Pitch 0.18 0.88 -3.77 4.01 -- -- -- -- 
Yaw -0.12 0.31 -1.21 0.90 -- -- -- -- 
 
 
Table 2.3 Sample means (µ), standard deviations (σ), minima and maxima of the relative 
motions (units: meters for surge, sway, heave and degrees for roll, pitch and yaw)   
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Since the polarities were taken into account, the signs indicated whether the two vessels 
were driven closer or further apart.  It is especially informative when considering the 
relative sway motions in order to monitor the gap distance between the ship and the 
barge: in head seas for instance a positive relative sway indicates a decrease in this 
distance whereas a negative value the opposite.  Note that the values of the three 
translational motions indicate in fact the position of the ship with respect to its original 
reference center.  The mean values of the surge and sway motions suggested that the 
centers of vessels stayed essentially inline in the y-direction in head seas, whereas the 
ship shifted backward in respect of the barge in the -45° heading condition and forward 
in the 45° heading condition.  In addition, in both the shielding configuration and 
exposed configuration the distance between the two vessels became larger.  This 
phenomenon is confirmed by the observation of the recorded model tests.  The 
observation made for the configuration where the ship is exposed (45°) is somehow 
counter intuitive.  The system parameters identified in later sections using the Reverse 
Multiple-Input / Single-Output (R-MISO) method are expected to give further 
information in the interpretation of such result. 
 
2.2. Mooring line and fender forces 
 
Similarly the forces of the four mooring lines and the two fenders were compared by 
using the mean and standard deviation of the data.  This information is summarized in 
Table 2.4.  The letter ‘B’ stands for ‘bow’ and ‘S’ for ‘stern’.  The numbers provided 
already have their pretensions subtracted, thus a positive mooring line force indicates a 
tension force whereas a positive fender force indicates compression.  During the model 
tests, the fenders were deliberately adjusted so that they would remain in contact with 
the barge to avoid any difficulty in numerical modeling.  The similarity between the 
forces of line 1 at the bow and line 1 at the stern, as well as that between the forces of 
lines 2 at the bow and line 2 at the stern is due to the symmetry of the mooring system 
used.  For all the four mooring lines and the two fenders, the in-line forces are higher for 
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the 10% filled case in both head and quartering seas due to the larger motions observed 
and explained in the previous section.  Similarly the force fluctuations are higher for the 
configuration where the ship was exposed to the incident waves.  This is consistent with 
the observed relative motions. 
 
Figures 2.3a thru 2.3d illustrate the spectral densities of the mooring line forces in 
different cases which provide another perspective to examine the comparative force 
pattern.  Each of the spectra shows a main peak in lower frequencies and a secondary 
peak corresponding to the wave frequencies.  At the wave frequencies, a slightly larger 
energy content was observed for bow line 2 and stern line 1, but overall the mooring line 
forces are small compared to first order wave forces.  The lower frequency peaks were 
of similar amplitude for the different cases.  In the 80% filled configuration, the main 
peaks have a period around 52 s which corresponds to the surge peak period obtained 
from the decay test for the moored ship.  In the 10% filled configuration, the main peaks 
of the breast line forces spectra were centered about a surge period of 45s which is 
consistent with the decrease of vessel mass.  
 
To find the impact of the relative motions on the mooring line and fender forces, the 
time series of the relative motions can be plotted near the moment of occurrence of the 
maximum mooring line / fender forces (Naciri et al., 2007).  Using this approach the 
relative motions in all six degrees of freedom and their relationship to each mooring line 
and fender load was studied.  Since it was mentioned earlier that the surge motion is 
closely correlated to the mooring line forces, the example of the surge motion near the 
maximum force of a mooring line will be discussed.  Figure 2.4 presents a plot of the 
relative surge time series around the occurrence of the maximum force of the mooring 
line which is indicated by the vertical line; the dash lines mark the extreme values of the 
entire surge time series. It can be seen that the maximum surge happens at the time when 
the maximum line force occurs. This confirms that the surge motion is indeed highly 
correlated to the line forces.   
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 80% 10% 
µ σ min max µ σ min max 
Head  
seas 
 
(0°) 
Line B1 16 16 -46 80 12 17 -46 92 
Line B2 6 16 -62 66 -1 17 -64 55 
Line S1 16 16 -57 76 8 17 -49 73 
Line S2 6 15 -57 62 -7 16 -77 48 
Fender B -4 103 -229 228 13 133 -263 315 
Fender S -25 103 -241 183 63 113 -193 304 
Quartering 
seas 
 
(-45°) 
Line B1 8 16 -60 67 13 17 -55 88 
Line B2 2 17 -77 68 -3 17 -63 59 
Line S1 7 16 -55 70 11 17 -50 74 
Line S2 -1 15 -67 62 -5 15 -58 54 
Fender B -17 118 -277 238 -17 123 -313 238 
Fender S -20 104 -277 184 -13 97 -230 173 
Quartering 
seas 
 
(45°) 
Line B1 3 24 -114 121 -- -- -- -- 
Line B2 -10 27 -129 120 -- -- -- -- 
Line S1 0 27 -124 131 -- -- -- -- 
Line S2 -8 25 -110 109 -- -- -- -- 
Fender B 0 116 -351 327 -- -- -- -- 
Fender S 1 108 -278 305 -- -- -- -- 
 
Table 2.4 Sample means, standard deviations, minima and maxima of the mooring line 
and fender forces (unit: kN)   
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Figure 2.3 Spectral densities of the in-line forces of the mooring lines connecting the 
ship and the barge for (a) 80% filled tanks in head seas; (b) 80% filled tanks in 
quartering seas; (c) 10% filled tanks in head seas; and (d) 10% filled tanks in quartering 
seas. 
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Figure 2.4 Relative surge near maximum force of a mooring line in head seas, with 10% 
filled tanks. 
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This correlation can be visualized in frequency domain as well by analyzing the cross-
spectral density and the coherence function between the time series of surge motion and 
the mooring line force.  Figure 2.5 again shows that there exists a high correlation 
between the two time series since the values of coherence functions are nearly one.  In 
addition, the phase spectrum suggests that in this context bow line 1 and stern line 1 
behave similarly and the same for bow line 2 and stern line 2, which is due to the 
symmetry of the mooring system.  Note that in this figure only the frequency ranges 
corresponding to significant energy were considered, in the current case namely the 
lower frequencies and the wave frequencies. 
 
The same cross-spectral analysis approach was used to examine the relationship between 
several other motion force pairs of interest.  The behaviour of the surge / fender force 
pairing is shown in Figure 2.6.  A large phase difference between the bow and stern 
fender forces is observed as well as relatively low coherence.  This is consistent with the 
phase difference between lines 1 and lines 2 indicated by Figure 2.5. It can be concluded 
that the vessels are not quite collinear to each other in the sea states considered. The time 
series that shows the highest correlation with the fender force is the relative roll motion.  
As illustrated by Figure 2.7, a relatively high value of coherence function was observed 
between roll and fender force at the frequency range of interest. Note that this correlation 
relationship is not as pronounced as the one existing between the surge motion and the 
mooring line forces, indicating more of an impact of the system nonlinearity. 
 
A review of the complete set of motion / force pairs show that in head seas, the relative 
surge and pitch are highly correlated with mooring line forces meaning these movements 
are the main responsible of the compression and tension of the lines.  At the same time, 
the roll motion exerts a significant influence on the fender force although more nonlinear 
behaviour should be expected.  In quartering seas, in addition to surge and pitch, roll and 
sway motions are also sources of influence to the line forces, whereas both roll and pitch 
are highly correlated with the fender forces. 
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Figure 2.5 Cross-spectrum and coherence function between the surge motion and the 
mooring line forces in head seas, with 10% filled tanks. 
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Figure 2.6 Cross-spectrum and coherence function between the surge motion and the 
fender forces in head seas, with 10% filled tanks 
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Figure 2.7 Cross-spectrum and coherence function between the roll motion and the 
fender forces in head seas, with 10% filled tanks 
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2.3. Influence of the tank waves 
 
The sloshing of waves inside the three partially filled fluid tanks on board of the ship can 
influence the motion behaviour of the vessel.  A total of six wave gages were installed 
inside the aft tank to measure the tank wave elevation.  Five of wave gages were aligned 
along the tank centreline and set equally 2.50 m apart.  The sixth one was installed in the 
transverse direction with the same separation distance as shown in Figure 2.8.    
 
The natural frequency of the nth mode of the tank wave can be calculated based on the 
linear wave dispersion relationship: 
 
( )tanhn n ngk k hω =                                                                                                     (2.1) 
 
Where nk  is the wave number corresponding the nth mode of the tank wave.  Its value 
can be derived from the following form of velocity potential itself obtained using the 
separation of variable method: 
 
( )( )cosh cos cosA k z h kx tφ ω= +                                                                                 (2.2) 
 
The boundary conditions yield the value of nk : 
 
n
n
k
l
π
= ,             1, 2, 3, ...n =                                                                                        (2.3) 
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Figure 2.8 Distribution of the wave gages inside the aft tank of the model ship. 
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The frequencies of the first mode of the sloshing for both 80% and 10% filled cases were 
calculated and they are respectively 0.23 Hz (T = 4.3s) and 0.13 Hz (T = 7.7s). 
 
It was initially planned to plot the profiles of the tank waves based on the data measured 
by the probes and compare these experimental wave profiles with the known theoretical 
profiles of the different modes of sloshing.  Depending on the modes of sloshing the 
impact of the tank wave motion on the tank integrity can be different.  However, the 
wave probes used were capacitance wave gages and did not perform well as hoped due 
to the small enclosure such as the tank.  Consequently it was decided to use the response 
amplitude operators (RAO) to identify the global effect of the sloshing motions.  If any 
peaks in the motion RAO correspond to the sloshing period then the sloshing may 
amplify the motion of the ship at that frequency.  In the present case, none of such peaks 
were observed in the 80% filled case.  However, for the 10% filled case, concentrations 
of energy were observed near the first mode of sloshing frequencies for roll motions in 
both 0° and -45° configurations and in the case of the pitch motion in the -45° 
configuration.  Each of these findings are illustrated in Figure 2.9. 
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Figure 2.9 Motion response amplitude operators (RAO) of the (a) ship roll motion in 0° 
heading, (b) ship roll motion in -45° heading, and (c) ship pitch motion in -45° heading; 
in the case of 10% filled tanks. 
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3. IDENTIFICATION OF THE SYSTEM PARAMETERS OF THE SINGLE 
BARGE 
 
 
The Reverse Multi-Input / Single-Output (R-MISO) method is an efficient system 
identification technique that allows for the estimation of the key system parameters.  In 
the present section, this method is applied to the single barge data discussed in the 
previous section.  The objective is to investigate the values and nature of the R-MISO 
output.  Further, this is done in part to validate the program developed for later 
application to two body systems and for comparison between the motions of single and 
two-body systems. 
 
 
3.1. Reverse Multi-Input / Single-Output (R-MISO) method  
 
The Reverse Multi-Input / Single-Output (R-MISO) technique is a frequency domain 
system identification method that determines the system parameters of a proposed model 
based on measured input and output data.  In a typical offshore body system, the system 
parameters include added mass, linear damping and stiffness as well as nonlinear 
damping and stiffness coefficients.  The knowledge of these values from model testing 
data is important to validate and refine any numerical models that are developed for the 
analysis of the system. 
 
To begin with, a set of possible nonlinear equations of motions will be given based on 
the physical knowledge of the system to be considered.  The procedure converts the 
initial single-input / single-output nonlinear model into an equivalent dynamic multi-
inputs / single-output linear model by reversing the roles of input and output functions.   
This manipulation eliminates the feedback terms necessitated by nonlinear systems that 
would otherwise require time-consuming iterative procedures.  For this reason the R-
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MISO method performs better than the conventional direct method when analyzing 
nonlinear systems.  After the Fourier transform of the equation of motions, the reversed 
inputs need to be conditioned such that they each become uncorrelated.  The knowledge 
of the measured original input and outputs allows for the recovery of the response 
transfer functions relating each reversed and conditioned input spectral density function 
to the output spectral density function.  Once these response transfer functions are 
obtained, it is then possible to solve for the unknown system parameters.  To assess the 
goodness of fit of each of the terms in the proposed model as well as the overall 
performance of the model, partial and cumulative coherence functions are used. For 
example, higher values of the coherence functions indicate that the model is more 
accurate.  The partial coherence functions assess the proportion of the output spectrum 
that is due to each individual input term to the output through the corresponding 
response function.  When a particular individual parameter contribution is quite low, it 
indicates that the parameter is not relevant and can be neglected in the equation of 
motion.  For this reason, when deciding the form of the equation of motion at the 
beginning of the procedure, a lack of knowledge of the proper form of the nonlinearities 
is not an insurmountable problem.  Arbitrary terms can be used and replaced if revealed 
to be irrelevant.  This flexibility in choosing nonlinear terms as well as its proved 
robustness in applications makes the R-MISO method a good tool for analyzing 
nonlinear systems.  The details of the calculation procedure for this method are well 
documented by Bendat (1990).     
 
A Matlab program was written based on the steps described above and is used to analyze 
the single and two-body systems studied in the present research work.  This program is 
validated by simulating a single degree-of-freedom (SDOF) case study discussed in 
Bendat’s book (1990).  The results provided by the program match well with the 
published results.  Both the Matlab code and the comparison results can be viewed in 
Appendix B. 
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3.2. Equation of motion 
 
In this section, the case of the fixed single barge will be studied.  It will be later 
compared with the two-body system.  The environmental conditions are the same as 
described in Section 2 with the peak period equals to 10.2 s and the significant wave 
height equals to 2 m.  The equation of motion of the barge can be written in the 
following matrix form: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( )M a q t cq t kq t dD t rR t F t+ + + + + =&& &                                                     (3.1) 
 
With: 
 
M = mass matrix = 
0 0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 0
G
G
G xx
G yy
zz
m mz
m mz
m
mz I
mz I
I
 
 − 
 
 
− 
 
  
 
                                         (3.2) 
 
Assuming the barge has two plans of symmetry, m  is the mass of the barge and xxI , yyI  
and zzI  are the moments of inertia of the barge, and Gz  is the vertical coordinate of the 
center of gravity in the barge-fixed reference system.  Note that the center of gravity is 
different from the center of the reference system which is at the keel/center/midship.  It 
is preferable to pick a reference point that would remain constant considering the fact 
that different barge drafts were considered during the model test. 
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a = added mass matrix = 
11
22
33
44
55
66
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
a
a
a
a
a
a
 
 
 
 
 
 
 
  
 
                                           (3.3)   
 
The subscripts 1, 2, …6 correspond respectively to the vessel surge, sway, heave, roll, 
pitch and yaw motions. 
 
( )M a+  forms the so-called virtual mass matrix.   
 
The linear damping matrix c  has the same structure as the added mass matrix.  Whereas 
the linear stiffness matrix k  has only three non-zero elements for a vessel with two 
planes of symmetry: 33k , 44k  and 55k .   
 
The nonlinear damping matrix d  and the nonlinear stiffness matrix r  are as followed if 
the second order terms are assumed to be negligible. 
 
d = nonlinear damping matrix = 
11
22
33
44
55
66
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
d
d
d
d
d
d
 
 
 
 
 
 
 
  
 
                              (3.4) 
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r = nonlinear stiffness matrix = 
11
22
33
44
55
66
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
r
r
r
r
r
r
 
 
 
 
 
 
 
  
 
                                     (3.5)              
 
q  and F  are respectively the motion and force vector: 
 
q(t) = 
( )
( )
( )
( )
( )
( )
x t
y t
z t
t
t
t
φ
θ
ψ
 
 
 
 
 
 
 
 
 
 
 = 
surge
sway
heave
roll
pitch
yaw
 
 
 
 
 
 
 
  
 
                                                                                        (3.6)      
                       
Surge, sway, heave are the translational motions of the vessels respectively in the x-, y-, 
and z-axis.  Roll, pitch and yaw motions are the rotational motions of the vessels around 
respectively the x-, y-, and z-axis. 
 
F(t) = 
( )
( )
( )
( )
( )
( )
x
y
z
x
y
z
F t
F t
F t
M t
M t
M t
 
 
 
 
 
 
 
 
 
 
 = 
surge force
sway force
heave force
roll moment
pitch moment
yaw moment
 
 
 
 
 
 
 
  
 
                                                                            (3.7) 
 
( )D t  and ( )R t  are respectively the nonlinear hydrodynamic damping force term and 
the nonlinear restoring force term.  Unlike the terms in the linear part of the equation of 
motions which are well known, these nonlinear terms vary depending on specific 
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problems.  As mentioned earlier, one of the advantages of the R-MISO method is the 
flexibility in the choice of nonlinear terms.  The terms that are not relevant would be 
eventually sorted out at the end with coherence analysis.  In the current study, the 
nonlinear hydrodynamic damping force ( )D t  is chosen to be a quadratic relative 
vertical velocity term and the nonlinear restoring force ( )R t  is chosen to be a quadratic 
displacement term.  These terms correspond to the nonlinearities that are commonly 
observed for barge type vessels.  But they can be replaced by other forms of nonlinear 
damping and stiffness if they reveal to be no relevant at the end of the R-MISO system 
identification procedure. 
 
Since the barge is fixed at its center, only pitch and yaw rotations were observed.  Thus 
the equation of motion is reduced to: 
 
( )
( )
( )
( )
( )
( )
( ) ( )( ) ( ) ( )
( ) ( )( ) ( ) ( )
( ) ( )
( ) ( )
55 55 55
66 66 66
55 55
66 66
0 0 0
0 0 0
0 0
0 0
yy
zz
y
z
I a c k tt t
I a c k tt t
z t w t z t w t t td r M
d r Mz t w t z t w t t t
θθ θ
ψψ ψ
θ θ
ψ ψ
   +       
+ +             +         
   − −     
   + + =        − −        
&& &
&& &
& && &
& && &
              (3.8) 
 
Here, ( )w t&  represents the vertical wave elevation velocity and is introduced in to each 
quadratic vertical relative velocity term.  Note that the pitch and yaw motions are 
uncoupled in the present case due to the symmetry of the barge in both x-z and y-z 
planes. 
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3.3. System identification analysis and results  
3.3.1 Methodology applied to the barge pitch 
 
Consider the example of pitch which was observed to be the most prominent motion for 
the fixed barge.  The equation of motion should be expressed in strict sense in an 
integro-differential form because the added mass and the damping coefficients are 
frequency dependent: 
 
( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
55 55 550 0
55 550 0
t t
yy
t t
y
I a t d c t d k t
d z t w t z t w t d r t t
M t
τ θ τ τ τ θ τ τ θ
τ τ τ τ τ τ τ θ τ θ τ
+ − + − +
+ − − − − − − + − −  
=
∫ ∫
∫ ∫
&& &
& && &       (3.9)
            
The physical input and outputs are inversed to obtain respectively the mathematical 
inputs and output.  After Fourier transform the equation of motion becomes: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3A f X f A f X f A f X f Y f+ + =                        (3.10) 
 
With iX  the Fourier transform of the mathematical inputs, Y the Fourier transform of 
the output and  iA  the transfer functions relating each input to the output. 
 
( ) ( ) ( ) ( ) ( )( )21 55 55 552 2 yyA f k j f c f f I a fπ π= + − +                                                (3.11)                               
 
( )2 55A f d=                                                                                         (3.12) 
 
( )3 55A f r=                                                                                                    (3.13)   
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( )1X f = Fourier transform of ( )tθ                                                                            (3.14) 
 
( )2X f = Fourier transform of ( ) ( )( ) ( ) ( )z t w t z t w t− −& && &                                          (3.15)  
 
( )3X f = Fourier transform of ( ) ( )t tθ θ                                                                   (3.16) 
 
( )Y f  = Fourier transform of yM                                                                               (3.17)   
 
Once the transfer functions iA  are found, it will be possible to identify the parameters in 
the following way: 
 
( )
( )( )1
55
Im
2
A f
c f
fπ
=                                                                                        (3.18) 
   
( )( )
( )( )
( )
55 1
55 2
Re
2
aa
k A f
I a f
fπ
−
+ =                                                                                (3.19) 
 
( )55 2Red A=                                                                                                               (3.20) 
 
( )55 3Rer A=                                                                                                                 (3.21) 
 
The linear stiffness 55k  is not frequency dependant because it reflects hydrostatic effects.  
It is a constant whose value was estimated directly using the following equation 
(Faltinsen, 1990): 
 
( ) 255
WP
B G A
k gV z z g x dsρ ρ= − + ∫∫         (3.22) 
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With 
WPA  = waterplane area 
V  = displaced volume of water 
Bz  = z-coordinate of the center of buoyancy 
Gz  = z-coordinate of the center of gravity 
ρ  = density of seawater 
 
The center of buoyancy is simply the center of the displaced volume, whereas the center 
of gravity is approximated at 10m from the keel based on available information.  The 
moment of inertia about y-axis 2
WPA
x ds∫∫  is that of a 160m 60m×  rectangle, x-axis being 
the longitudinal axis.  It is observed that the second term at the right-hand side of the 
equation 3.22, which contains 2
WPA
x ds∫∫ , is the dominant contributor due to the large 
waterplane area of the barge.  Thus, it is expected that the calculated linear stiffness 55k  
remains quite accurate despite the use of an approximate value for the center of gravity.  
The detailed calculation of the linear stiffness coefficient 55k  is discussed in Appendix 
C.  It is theoretically possible to identify 55k  directly using the system identification 
method, but one would have encountered the practical problem of partitioning the linear 
stiffness and the added mass which are both contained in the real part of the transfer 
function 1A . 
 
It was mentioned in section 3.1 that the original inputs need to be conditioned to become 
uncorrelated for the R-MISO procedure.  The variables 
1
2
u yγ , 2
2
u yγ , 3
2
u yγ  are the 
ordinary coherence functions between each uncorrelated input and the output, they 
represent the proportion of the output spectrum that is due to each uncorrelated input 
passing through the corresponding linear system: 
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1
1
1 1
2 2
12
11
u y y
u y
u u yy yy
S S
S S S S
γ = =                                                                                                (3.23)
    
2
2
2 2
2 2
2 12
22 1
u y y
u y
u u yy yy
S S
S S S S
γ ⋅
⋅
= =                                                                                       (3.24) 
 
3
3
3 3
2 2
3 1,22
33 1,2
u y y
u y
u u yy yy
S S
S S S S
γ ⋅
⋅
= =                                                                                       (3.25) 
 
iu  designates the conditioned uncorrelated inputs.  Similarly ij kS ⋅  is the cross spectral 
density between inputs ix  and jx  with the influence of kx removed.  The subscript “y” 
designates the output pitch moment.   
 
The successive summation of these values is defined as the cumulative coherence 
function and it is used to indicate the overall goodness-of-fit of the model.  When the 
coherence function is close to unity, it is an indication that the model provides a good fit 
to the data.  The extraneous noise spectrum is defined as: 
 
( ) ( )
( )
1 2 3
2 2 2
1 last cumulative coherence function
1
nn yy
u y u y u y yy
S f S
Sγ γ γ
= −  
 = − + + 
                                           (3.26) 
 
Often the ratio nn
yy
S
S
 is used to represent the goodness-of-fit of the model, it is 
satisfactory when this ratio is close to 0. 
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3.3.2 Results and discussion 
 
Figure 3.1 shows the spectral densities of the pitch motion which is a mathematical input 
in the present R-MISO system, and the pitch moment which is the mathematical output.  
It can be observed that most of the spectral energies are contained within the frequency 
range of [0.05Hz, 0.15 Hz] which is the frequency range of interest of the present 
problem.  But this frequency range will be extended to [0.05Hz, 0.25 Hz] to be 
consistent with the one used later in the study of the two body system.  A strong linear 
relationship can be observed between the pitch and the pitch moment due to the 
similarity of their spectral densities.  This linearity is confirmed by the probability 
distributions of the input pitch motion and the output pitch moment in Figure 3.2 which 
both follow the Gaussian distribution.   
 
The cumulative coherence functions are presented in Figure 3.3.  The first cumulative 
coherence function represents the contribution of the pitch motion which is the first input 
time series, to the output pitch moment.  The second and the third ones correspond 
respectively to when the contribution of the relative vertical velocity term and then that 
of the quadratic pitch are added.  A very high final coherence can be observed in nearly 
the entire frequency range of interest, the model can thereby be considered satisfactory.  
Usually when one single input contributes more than 80% of coherence, this is a strong 
indication of a linear relation between this input and the output.  This is the case of the 
input pitch motion.  The second input, that is the relative vertical velocity, provides very 
slight improvement at some frequencies, especially around 0.12 Hz.  The quadratic pitch 
term which is the third input does not seem to provide any noticeable additional 
coherence to the system.  These individual contributions can be better visualized with 
the partial coherence functions plotted in Figure 3.5.  The extraneous noise / output ratio 
illustrated in Figure 3.4 gives an alternative view of the goodness-of-fit of the model. 
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(a) 
 
(b) 
 
Figure 3.1 Spectral density of (a) the input pitch, (b) the output pitch moment.   
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Figure 3.2 Comparison between the actual probability density function and the ideal 
normally distributed function with the same mean and variance for (a) the pitch motion, 
(b) the pitch moment. 
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Figure 3.3 Cumulative coherence functions. 
 
 
 
Figure 3.4 Extraneous noise / output ratio. 
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Figure 3.5 Partial coherence functions. 
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Since it has no contribution, the nonlinear stiffness term under the form of quadratic 
pitch can be neglected in the present system.  This ability of using arbitrary nonlinear 
terms and sorting out the non-relevant ones at the end constitutes an important advantage 
that the R-MISO method presents.  Before testing other forms of nonlinear terms in an 
attempt to improve the total goodness-of-fit of the model, it is important to examine the 
behavior of the system at the frequencies where the coherence is relatively less 
satisfactory.  Lower coherence occurs notably at the two extremities of the frequency 
range of interest where the coherence decreases rapidly.  This is due to the low energy 
concentration of the input and output spectra at these frequencies.   
 
To explain the reason why the coherence is usually low at the frequencies where the 
input and output data have low energy concentrations,  recall that the partial coherence 
between the input barge pitch and the output barge pitch moment is defined as (same as 
Equation 3.23): 
 
1
1
1 1
2 2
12
11
u y y
u y
u u yy yy
S S
S S S S
γ = =                                                                                               (3.26) 
 
It can be alternatively viewed as the ratio between the ideal model spectrum and the 
estimated model spectrum.  Figure 3.6a shows the absolute difference 
2
11 1yy yS S S−  near 
the frequency 0.23Hz where the energy concentration of the input and output data is low 
and where a sudden dip is presented in the coherence function.  It can be seen that the 
difference between the ideal model and the estimated model is actually smaller around 
0.23Hz than other frequencies.  One would first expect the goodness-of-fit to be higher 
for this frequency.  However the opposite situation occurs as shown in Figure 3.6b.  This 
demonstrates that when the energy concentration is small, even a small noise can be 
proportionally important compared to the low energy output.   
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(a) 
 
(b) 
 
Figure 3.6 (a) The difference 
2
11 1yy yS S S− , and (b) the ratio 
2
1 11/y yyS S S , around 0.23 
Hz where the coherence is low. 
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Another visible dip in coherence is observed at around 0.12 Hz which corresponds in 
fact to the pitch natural frequency measured during decay tests.  It was documented in 
literature that such decrease of coherence exists near resonance (Selvam and 
Bhattacharyya, 2006).  In addition, being forced to move in wave frequencies, the input 
pitch and the output pitch moment have a quite low energy concentration at the pitch 
natural frequency which only makes an accurate estimation around this frequency more 
difficult.  
 
Since the quadratic pitch term does not contribute much to the overall goodness-of-fit of 
the model, different other forms of nonlinear stiffness terms were tested.  This includes 
mainly the use of other vessel motion vectors that have a higher energy concentration 
around 0.12Hz.  However no visible improvement was observed, it was thus decided to 
discard the nonlinear stiffness term from the equation of motion.  This simplification 
does not change the cumulative coherence calculated earlier and is justified since there is 
no mooring or connection system that creates nonlinearities in the present case.  The 
final identification of the hydrodynamic parameters is based on the simplified equation 
of motion.  
 
The R-MISO analysis computes the transfer functions and the hydrodynamic parameters.  
Figure 3.7 shows the magnitude and the phase of the first transfer function relating the 
mathematical barge pitch input to the mathematical barge pitch moment output.  From 
the equation of this transfer function, the constant linear stiffness coefficients can be 
estimated:  
 
( ) ( ) ( ) ( ) ( )( )21 55 55 552 2 yyA f k j f c f f I a fπ π= + − +                                                (3.27) 
 
( )1 550A k=                                                                                                                   (3.28) 
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Figure 3.7 Magnitude and phase spectra of the transfer function A1. 
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Figure 3.8 Fitting of the magnitude of A1 near the zero frequency. 
 
52 
 
 
However the behavior of the transfer function 1A  is not very smooth, thus the Matlab 
curve fitting toolbox was used to smooth and fit the curve and to find the value of the 
transfer function at the zero frequency.  The fitting curve is plotted in Figure 3.8, it gives 
195,800 MN.m as the value for the linear stiffness 55k , which is not very different from 
the 202,700 MN.m estimated in Appendix C.  Since the selection of the curve fitting 
parameter can be somehow subjective, it is decided to use it as a verification tool rather 
as a direct estimation of the linear stiffness.   
 
The virtual mass of the system is plotted in Figure 3.9, it decreases with the increasing 
frequencies.  It would have been more informative if the added mass can be separated 
from the mass moment of inertia yyI .  But the calculation of yyI , which should not be 
confused with the area moment of inertia used for the computation of  the linear 
stiffness, cannot be performed without an accurate knowledge of the mass distribution of 
the barge especially when additional weights were added during the tests. 
 
The linear damping has low amplitude as shown in Figure 3.10.  Actually the phase 
spectrum of the transfer function A1 in Figure 3.7 has also very small values.  Since the 
damping is associated with the velocity, a phase shift is expected.  The zero phase shift 
may indicates a very small damping in the system.  To prove that, the fraction between 
the damping and the critical damping is calculated: 
 
Fraction between damping and critical damping = 
( )
( )( )
55 ,5
55 55 ,5 ,52
n
n n
c
I a
ω
ω ω+
                (3.29) 
 
With ,5nω   the angular natural frequency of the pitch motion.   
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Figure 3.9 Virtual mass coefficient  55yyI a+  
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Figure 3.10 Linear damping coefficient  55c  
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Figure 3.11 Magnitude and phase spectra of the transfer function A2. 
 
0.05 0.1 0.15 0.2 0.25
-200
-150
-100
-50
0
50
100
150
200
Hz
M
N
.s
2  
/ m
nonlinear damping d
55
 
Figure 3.12 Nonlinear damping coefficient  55d  
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A result nearly equal to 0% shows that there is almost no damping force observed.  This 
lack of damping may be due to the fact that the barge is fixed at its center and can only 
undergo small pitch motions.  Some negative damping is observed near 0.15Hz, it can be 
also caused by the fixation of the barge.  Toward the higher frequencies, the beginning 
of a convergence of damping toward 0 can be observed.  Indeed, in high frequencies the 
damping should be close to 0.    
 
Figures 3.11 and 3.12 shows respectively the transfer function 2A  and the nonlinear 
damping coefficients derived from this transfer function.  A possible explanation of the 
negative values of the nonlinear damping coefficients is again the fixation of the barge.  
A convergence to 0 can be also observed at high frequencies. 
 
 
3.3.3. Validation of the results 
 
It is known that  
 
( )
0.5
55
,5
55 55 ,5
n
n
k
I a
ω
ω
 
 =
 + 
        (3.30) 
 
The linear stiffness coefficient was estimated in the earlier section to be 202,700 MN.m.  
Reading from Figure 3.9, mass term is equal to 356,000 MN.m.s² at the pitch natural 
period which is 0.12 Hz (0.754 rad/s).  The term at the right-hand side of the Equation 
3.30 can be calculated and it is equal to 0.755 rad/s, which is very close to the term at the 
left-hand side of the equation (0.754 rad/s).  This shows the consistency between the 
estimated value (linear stiffness coefficient), the identified value (added mass) and the 
experimentally measured value (pitch natural period).  
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The measured mathematical inputs (barge pitch and the quadratic barge pitch) and the 
identified parameters are substituted back into Equation 3.9, with the exception of the 
nonlinear stiffness term which has been neglected.  The mathematical output pitch 
moment can thus be reconstituted and it is compared with the measured values in Figure 
3.13.  The simulated data has a periodicity that marches well with the measured data; 
however its amplitude tends to be somehow smaller.  Besides the imperfection of the 
model, some inaccuracies could have been introduced during the derivation of the time 
series for the calculation of the velocity and acceleration data. 
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Figure 3.13 Comparison between the reconstituted barge pitch moment and the 
measured barge pitch moment. 
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4. IDENTIFICATION OF THE SYSTEM PARAMETERS OF A COUPLED 
BARGE AND SHIP SYSTEM 
 
 
Based upon the formulation and numerical results shown in the previous section, the R-
MISO method is an efficient and robust methodology for the identification of the system 
parameters of a single body.  In this section the R-MISO method is extended to analyze a 
two-body system.  Several issues specific to multi-body problems in general need to be 
addressed, including how to differentiate the importance of the significantly increasing 
number of variables, and the interpretation of the results.  These issues are addressed 
through the problem formulation and of the coupled barge and ship system first 
described in Section 2.   
 
 
4.1 Equation of motion  
4.1.1 General form of the equation of motion of a two body system 
 
The equations of motion of a coupled system needs to account for the coupling due to 
hydrodynamic forces and those due to mechanical connections such as mooring lines 
and fenders.  Thus, the equations of motion for the barge and ship system presented in 
Section 2 can be expressed in the following compact matrix form: 
 
( )
( )
( )
( )
( )
( )
( )
( )
0 0
0 0
B BBB BB BS BS BB BS
S SSB SB SS SS SB SS
BB BB BB BS BS BS B
l f l f
SB SB SB SS SS SS S
l f l f
BB B
SS S
q t q tM a M a c c
q t q tM a M a c c
k k k k k k q t
k k k k k k q t
D td r
D td r
      + +
+         + +      
  + + + +
+     + + + +   
    
+ +    
   
&& &
&& &
( )
( )
B B
w
SS
w
R t F
FR t
   
=       
     (4.1) 
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where, M  is the  vessel mass, a   is the hydrodynamic added-mass, c  is the linear 
damping, k  is the  linear stiffness, lk  is the linearized mooring line stiffness, fk  is the 
linearized fender stiffness, d  is the  nonlinear damping, r   is the  nonlinear stiffness, wF  
is the wave induced excitation, and q  contains the vessel motions.  Further, the 
superscript “B” indicates values related to the barge and the superscript “S” indicates 
values related to the ship.  The major difference between Equation 4.1 and Equation 3.1 
for single body is that this formulation includes the various cross-coupling terms.  Since 
the mooring line forces and fender forces were measured during the model tests, the 
matrix equations can re-written as: 
 
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
0 0
0 0
B B BBB BB BS BB BS BB BS
S S SSB SS SS SB SS SB SS
B BB B BB B
fw l
SS SS S S
fw l
q t q t q tM a a c c k k
q t q t q ta M a c c k k
R t FD t F Fd r
FD t F Fd r R t
          +
+ +               +          
         
+ + = − −                      
&& &
&& &
S
 
 
 
                (4.2) 
 
where, lF  are the measured mooring line contributions, fF  are the measured fender 
forces, and wF   contains the measured wave induced force and moment contributions.  
Since the ship is moored to a relatively rigid barge, it is necessary to decompose the 
mooring line and fender forces in order to obtain the normal components as described in 
Appendix D.  
 
The six degrees of freedom of the barge will be indicated using the subscripts 
1, 2, ... 6i = , which correspond to the barge surge, sway, heave, roll, pitch and yaw 
motions.  The six degrees of freedom of the ship will be indicated by the subscripts 
7, 8, ... 12i = , corresponding to the ship surge, sway, heave, roll, pitch and yaw motions.  
The matrices related to the barge are identical to those presented earlier in Section 3.  As 
in the previous section, due to the nature of the barge restraint only the barge pitch and 
yaw motions are retained in the formulation.  Although the barge yaw motion is quite 
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small when compared to that of the ship motions, it is kept to illustrate the cross-
coupling between the two vessels.   
 
The matrixes of the hydrodynamic coefficients related to the ship are complicated due to 
the fact that the ship has only one plane of symmetry, which is the x-z plane.  This is 
reflected in the matrix equations that follow. 
 
SSM  = mass matrix = 
0 0 0 0
0 0 0 0
0 0 0 0 0
0 0 0
0 0 0 0
0 0 0 0
S
S
S S S
S S
S S
S S G
S S G
S
S G xx xz
S G yy
xz zz
m m z
m m z
m
m z I I
m z I
I I
⋅ 
 
− ⋅ 
 
 
 − ⋅ −
 
⋅ 
 − 
            (4.3) 
 
Note that unlike the barge configuration used in this study, the center of gravity varies 
with the onboard shipload configurations and is not a constant.   Thus, it is preferable to 
select a point of reference point that would remain constant regardless of the loading 
condition. 
 
a SS = added-mass matrix =
7,7 7,9 7,11
8,8 8,10 8,12
9,7 9,9 9,11
10,8 10,10 10,12
11,7 11,9 11,11
12,8 12,10 12,12
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
a a a
a a a
a a a
a a a
a a a
a a a
 
 
 
 
 
 
 
  
 
                           (4.4)   
 
The linear damping matrix SSc  has the same structure as the added mass matrix.  Both 
the added mass matrix and the linear damping matrix are assumed to be symmetric 
because there is no current and the ship does not have any forward speed. 
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The linear stiffness matrix SSk  is not frequency dependent and consequently the linear 
stiffness coefficients are reflective of only the hydrostatic effects.  Thus, they can be 
estimated based upon the submerged volume as detailed in Appendix C. 
 
SSk  = linear stiffness matrix = 9,9 9,11
10,10
11,9 11,11
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0 0 0 0
k k
k
k k
 
 
 
 
 
 
 
  
 
                                   (4.5) 
 
The nonlinear damping and stiffness matrices SSd  and  SSr  were developed by assuming 
that the second order terms are negligible, and thus can be expressed as: 
 
d SS  = nonlinear damping matrix = 
7,7
8,8
9,9
10,10
11,11
12,12
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
d
d
d
d
d
d
 
 
 
 
 
 
 
  
 
               (4.6) 
 
rSS  = nonlinear stiffness matrix = 
7,7
8,8
9,9
10,10
11,11
12,12
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
r
r
r
r
r
r
 
 
 
 
 
 
 
  
 
                       (4.7)              
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The cross-coupling of the stiffness between the barge and ship, BSk  and SBk , can be 
neglected based on the reasoning that the buoyancy of one vessel does not change 
because of the presence of another vessel.   
 
The cross-coupling matrices of the hydrodynamic added-mass BSa , BSc  have the similar 
forms.  For instance the cross-coupling added mass coefficients between the two vessels 
are: 
 
BSa  = 
5,7 5,8 5,9 5,10 5,11 5,12
6,7 6,8 6,9 6,10 6,11 6,12
a a a a a a
a a a a a a
 
 
 
        (4.8) 
 
And the cross-coupling matrixes SBa  and SBc  have the following form: 
 
BSa  = 
7,5 7,6
8,5 8,6
9,5 9,6
10,5 10,6
11,5 11,6
12,5 12,6
a a
a a
a a
a a
a a
a a
 
 
 
 
 
 
 
  
 
           (4.9) 
 
None of the elements are neglected directly based on the geometry because two vessels 
are attached via the mooring lines.  However, one can simplify these matrixes by 
determining the significance of each terms based on degree of interaction between each 
pair of motions of the barge and ship.  This is the subject of study in the following 
section. 
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4.1.2 Cross-coupling terms 
 
Equations 4.2 – 4.9 show that when the barge pitch and yaw motions are considered 
along with the six translational and rotational motions of the ship, there can be up to 24 
linear system parameters to be identified for each SDOF system.  That is 192 linear 
system parameters for the whole system without simplification.  Some of these terms can 
be neglected directly considering the vessel geometry, others are more case dependant 
especially in a two-body configuration where the cross-coupling between the certain 
vessel motions can be important.  The cross-coupling terms between different vessels are 
sometime entirely neglected in studies of multi-body systems because of the complexity 
they bring.  In the present investigation they are selectively preserved for the equations 
of motion to obtain a relatively accurate result while avoiding heavy computational load.   
 
The selection of these terms needs to be based on the importance of their physical 
meaning.  The energy related to the motion interaction is chosen to measure the relative 
importance of each term.  In wave mechanics, the wave energy is often measured using 
power density spectrum which is proportional to the square of the wave height for each 
frequency.  By analogy, cross power density spectrum ijS  can describe how the power, 
thereby the energy related to the motion interaction is distributed.  The total power, also 
called the 0th moment of the cross power density spectrum is obtained by integrating the 
spectrum over all the frequencies: 
 
( )th
0
0 moment = area under the cross density spectrum ijS f df
∞
= ∫                           (4.10) 
For i , j  = 1, 2, …, 12. 
 
In the present study, the integration is performed over the frequency range of interest 
which is [0.05Hz, 0.25Hz] as in the case of the single barge, because the energy is 
negligible outside of this range. 
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Figure 4.1 illustrates the example of the cross power density spectrum between the ship 
pitch and the barge pitch motions in head seas for the 80% filled case.  The peak locates 
near the frequency corresponding to the input wave period; this shows that the 
interaction of these two motions provides most of the energy in wave frequencies.  The 
integrated area of this case is, as will be seen later, relatively large.  The cross-coupling 
between the barge pitch and ship pitch may thus be important and the corresponding 
hydrodynamic parameters 5,11a  and 5,11c  will be kept in the equations of motion for the 
system identification analysis later. 
 
 
 
Figure 4.1 Cross power density spectrum of the barge pitch / ship pitch pair. 
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Before calculating the 0th moment of the other motion pairs, the following assumptions 
are made:  first, the diagonal terms in the coefficient matrix are systematically kept, it is 
thereby no need to calculate their 0th moment to determine their importance.  Secondly, 
the barge has two planes of symmetry and the ship has one plane of symmetry, the terms 
that can be neglected by geometry are discarded.  And the final assumption is that the 
coefficient matrixes are symmetric. 
 
Table 4.1 lists the values of the 0th moment of all pairs of motion couplings that were not 
simplified with the previous assumptions.  It can be observed that some pairs have 
consistently low energy concentration in all headings, such as the barge pitch / ship 
surge couple and the barge pitch / ship sway couple.  All the pairs involving the barge 
yaw motion also have very low energy because of the low input provided by barge yaw, 
it confirms the earlier observation stating that the barge yaw motion is small and could 
have been neglected.  For some pairs, the behavior can be very different depending on 
the heading condition.  For instance the ship sway and ship roll pair, the energy is the 
largest for the 45° heading which is the configuration where the ship is exposed to the 
incident wave, and it is the smallest for the -45° heading where the ship is shielded.  This 
difference brings to believe that the hydrodynamic parameters can be different too 
depending on the heading condition for two-body systems unlike the single body 
systems whose hydrodynamic parameters are solely dependent of the form of the 
submerged area.  This discussion is further developed in later sections.  Note that the 
results involving the ship surge motion are not reliable for the 0° heading case because 
of the mediocre quality of the measured surge time series for this configuration. 
   
 
 
 
 
 
 
 
 
66 
 
 
Cross power density spectrum * 80%, 0 80%, 45 80%, -45 
B pitch / S surge,   5,7S     (deg.m.s)    0.06** 1.67 0.05 
B pitch / S sway,   5,8S      (deg.m.s)  2.16 2.22 1.25 
B pitch / S heave,  5,9S      (deg.m.s) 5.38 7.12 4.87 
B yaw / S surge,   6,7S       (deg.m.s)  0.02 0.50 0.02 
B yaw / S sway,    6,8S       (deg.m.s) 0.51 0.66 0.63 
B yaw / S heave,   6,9S       (deg.m.s) 1.39 1.82 2.12 
S surge / S pitch,  7,11S       (deg.m.s) 0.26 16.76 0.24 
S sway / S roll,     8,10S       (deg.m.s) 13.16 28.72 5.96 
S sway / S yaw,    8,12S       (deg.m.s) 5.16 7.10 1.57 
S heave / S pitch,  9,11S      (deg.m.s) 22.15 57.28 17.32 
B yaw / S roll,      6,10S       (deg².s) 1.75 4.89 3.60 
B yaw / S pitch,    6,11S       (deg².s)   2.76 3.20 4.84 
B yaw / S yaw,     6,12S       (deg².s) 0.61 1.05 1.62 
S roll / S yaw,       10,12S      (deg².s) 15.97 56.60 8.67 
B pitch / S roll,     5,10S       (deg².s)  6.26 25.37 9.18 
B pitch / S pitch,   5,11S      (deg².s) 10.49 15.82 16.35 
B pitch / S yaw,    5,12S       (deg².s) 2.52 4.68 4.09 
S surge / S heave, 7,9S        (m².s) 0.15 13.25 0.09 
 
* A spacing of 1 is used for the integration of all the areas for a more reasonable size.  
To have the real values of area, the listed values need to be multiplied by the spacing 
increment which is 1 1 0.0028
sampling rate  nfft 0.1768 2048
Hz= =
× ×
 
 
** The values in italic are below the chosen threshold value: 5.  They will be neglected 
in the equation of motion. 
 
 
Table 4.1 Area under the cross power density spectrum (0th moment) of different motion 
pairs. 
  
67 
 
 
Although the cross power density spectra help to visualize the quantitative of the cross 
coupling effect, but since both translational motions (surge, sway and heave) and angular 
motions (roll, pitch and yaw) are involved, they have different units.  The question arises 
as how to compare the importance of the cross coupling terms having different units.  In 
the present case, the fluctuations of the motions have about the same order of magnitude 
(see Tables 2.2 and 2.3), it is reasonable to choose a single threshold value.  Otherwise 
the values will need to be normalized by a characteristic magnitude of translational 
motion and / or rotation angle.  It was initially considered to use coherence function or 
correlation coefficient for this purpose because they are both dimensionless and they can 
indicate the linear correlation between two motions.  However, it is possible to obtain a 
very high coherence or correlation coefficient even when the related energy is low.  This 
can be misleading for the problem here, which is why only the energy is considered.  
 
After having performed several sensitivity tests, the threshold value is chosen to be 5 for 
all the 0th moments.  The cross-coupling terms that are kept in the barge and ship system 
are those for the ship surge / ship heave, ship surge / ship pitch, ship sway / ship roll, 
ship sway / ship yaw, ship heave / ship pitch, ship roll / ship yaw, barge pitch / ship 
heave, barge pitch / ship roll, barge pitch / ship pitch.  Among which ship surge / ship 
pitch and ship surge / ship heave interaction is important only for the 45° exposed 
configuration (considering the fact that the surge time series is not reliable for the 0° 
heading configuration), and ship sway / ship yaw interaction can be neglected for the 
shielded -45° heading condition.  To summarize, the surge, heave and pitch motions are 
coupled between them and the sway, roll and yaw motions are coupled between them as 
in a single body system, but pitch / roll interaction can be observed as well in this two-
body system.   
 
To valid the threshold value, the equation of motion with simplified matrix and that with 
the complete matrix were used in the R-MISO analysis and the goodness of fit of each 
model was calculated and compared.  The example of the barge pitch motion in head 
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seas is used to illustrate that because several elements are neglected (three for each of the 
added-mass and the linear damping matrix) and still both hydrodynamic parameters for 
the single barge and those for the two-body interaction are presented.   In the simplified 
calculation, all the motion data that have a low 0th moment with the output barge pitch 
moment are not used as input.  Note that the nonlinear terms are not considered in this 
section, because the objective is not to have the optimal model but, to assess the 
difference of results when the hydrodynamic parameter matrixes of the linear terms are 
simplified.  The nonlinear terms are presented in both simplified and complete equations 
of motion, thus do not provide additional help when comparing the two alternatives.  
They will however be considered in the next section when the detailed R-MISO analysis 
is carried out.    
 
The cumulative coherence functions for the case with complete matrixes and that with 
simplified matrixes are compared as shown in Figure 4.2.  The curve with the highest 
coherence represents the final goodness-of-fit of the model.  It can be seen that in the 
barge pitch case, the model with simplified matrixes using only four inputs has a 
goodness-of-fit that is similar to the one of the model with complete matrixes using all 
the seven inputs.  The largest difference occurs around the dip at 0.133Hz and is about 
3%.  The further simplification of the matrixes will however cause quite significant 
decrease in the total coherence.  This shows that the choice of the threshold value is 
adequate. 
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Figure 4.2 (a) Cumulative coherence function with all the coefficients; (b) Cumulative 
coherence function with only the most important coefficients.  
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Note that the cumulative coherence functions shown can be decomposed into partial 
coherence functions that give a better visualization of the contribution of each input to 
the goodness-of-fit of the model.  Figure 4.3 shows clearly that the three discarded 
inputs have the smallest contribution.  It needs to be underlined that the partial coherence 
functions provide the individual contribution of the inputs that are conditioned, meaning 
that the influences of the previous inputs are successively removed.  If the inputs are not 
well sorted according to the degree of interaction between them and the output the 
results can be somehow different.  Thus although it is a good tool to double check the 
adequacy of the simplification, it is preferable to use the cross-power density spectrum 
between the non-conditioned time series for the simplification itself.   
 
With the simplification of the parameter matrixes based on both the geometry symmetry 
and the energy concentration, the number of the hydrodynamic parameters to be 
identified is largely reduced.  For the ship and barge system considered in the current 
problem, the total number of non-zero parameters range from 33 for the -45° shielded 
configuration to 39 for the 45° exposed configuration.     
      
 
4.2 System identification analysis and results  
 
Several cases were studied for the coupled barge and ship system.  First, the barge pitch 
motion in head seas, it allows for a comparison with the same motion in the single barge 
configuration studied in Section 3.  Followed by an analysis of the ship roll motion in 
head seas to show how the interaction can alter the motion behavior of a vessel.  And 
finally the ship heave motion is studied in both head seas and quartering seas to assess 
the effect of the heading condition. 
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Figure 4.3 Partial coherence functions between the inputs and the output of the model.  
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4.2.1 Barge pitch in head seas 
 
The integro-differential equation of motion for barge pitch is: 
 
( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
5,5 5,5 5,50 0
5,9 5,90 0
5,10 5,100 0
5,11 5,110 0
5,5 5,50
B
t t
yy B B B
t t
S S
t t
S S
t t
S S
t
B B
I a t d c t d k t
a z t d c z t d
a t d c t d
a t d c t d
d z t w t z t w t d r
τ θ τ τ τ θ τ τ θ
τ τ τ τ τ τ
τ φ τ τ τ φ τ τ
τ θ τ τ τ θ τ τ
τ τ τ τ τ τ
+ − + − +
+ − + −
+ − + −
+ − + −
+ − − − − − − +  
∫ ∫
∫ ∫
∫ ∫
∫ ∫
∫
&& &
&& &
&& &
&& &
& && & ( ) ( ) ( )
( )
0
t
B B
y
t t d
M t
τ θ τ θ τ τ− −
=
∫
 
 (4.11) 
 
This equation only contains the mathematical input motions that are viewed as important 
based on Table 4.1:  barge pitch, ship heave, ship roll and ship pitch.  Compared to the 
equation of motion of the same motion in the single barge configuration (see Equation 
3.9), Equation 4.11 is more complicated because of the interaction with the ship.  The 
ship heave, roll and pitch motions will all be coupled to the barge pitch motion.  There 
are thereby four linear and two nonlinear physical outputs.  The physical input ( )yM t  is 
also different from the one in the single barge case because the moments due to the 
mooring line and fender forces were accounted for too.  Again, the quadratic relative 
vertical velocity term ( ) ( ) ( ) ( )B Bz t w t z t w t− −  & && &  is used for the nonlinear damping 
force and the quadratic angular displacement ( ) ( )B Bt tθ θ  is used for the nonlinear 
restoring force because they are the most common nonlinear expressions that one would 
expect.  However, the R-MISO method can estimate their relevancy at the end of the 
parameter identification procedure and they can be replaced by other nonlinear terms as 
deemed appropriate. 
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The physical input and outputs are inversed to obtain respectively the mathematical 
inputs and output.  After Fourier transform the equation of motion becomes: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
1 1 2 2 3 3 4 4
5 5 6 6
A f X f A f X f A f X f A f X f
A f X f A f X f Y f
+ + +
+ + =
                      (4.12) 
 
With iX  the Fourier transform of the mathematical inputs, Y the Fourier transform of the 
output and iA  the transfer functions relating each input to the output. 
 
( ) ( ) ( ) ( ) ( )( )21 5,5 5,5 5,52 2 ByyA f k j f c f f I a fπ π= + − +                                             (4.13)                               
 
( ) ( ) ( ) ( ) ( )22 5,9 5,9 5,92 2A f k j f c f f a fπ π= + −                                                         (4.14)                               
 
( ) ( ) ( ) ( ) ( )23 5,10 5,10 5,102 2A f k j f c f f a fπ π= + −                                                      (4.15)                               
 
( ) ( ) ( ) ( ) ( )24 5,11 5,11 5,112 2A f k j f c f f a fπ π= + −                                                        (4.16)                               
 
( )5 5,5A f d=                                                                                         (4.17) 
 
( )6 5,5A f r=                                                                                                    (4.18)   
 
( )1X f = Fourier transform of ( )B tθ  (barge pitch)                                                    (4.19) 
 
( )2X f = Fourier transform of ( )Sz t   (ship heave)                                                    (4.20) 
 
( )3X f = Fourier transform of ( )S tφ   (ship roll)                                                        (4.21) 
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( )4X f = Fourier transform of ( )S tθ  (ship pitch)                                                      (4.22) 
 
( )5X f = Fourier transform of ( ) ( )( ) ( ) ( )z t w t z t w t− −& && &                                          (4.23)  
 
( )6X f = Fourier transform of ( ) ( )t tθ θ                                                                   (4.24) 
 
( )Y f  = Fourier transform of yM                                                                               (4.25)   
 
Once the transfer functions iA  are found, it will be possible to identify the parameters in 
the following way: 
 
( )( ) ( )( )
( )
5,5 1
5,5 2
Re
2
yy
k A f
I a f
fπ
−
+ =                                                                              (4.26) 
 
( )
( )( )
( )
2
5,9 2
Re
2
A f
a f
fπ
−
=                                                                                              (4.27) 
 
( )
( )( )
( )
3
5,10 2
Re
2
A f
a f
fπ
−
=                                                                                             (4.28) 
 
( )
( )( )
( )
4
5,11 2
Re
2
A f
a f
fπ
−
=                                                                                             (4.29) 
 
( )
( )( )1
5,5
Im
2
A f
c f
fπ
=                                                                                       (4.30) 
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( )
( )( )2
5,9
Im
2
A f
c f
fπ
=                                                                                      (4.31) 
 
( )
( )( )3
5,10
Im
2
A f
c f
fπ
=                                                                           (4.32) 
 
( )
( )( )4
5,11
Im
2
A f
c f
fπ
=                                                                                      (4.33) 
 
( )5,5 5Red A=                                                                                                               (4.34) 
 
( )5,5 6Rer A=                                                                                                                (4.35) 
 
The linear stiffness coefficient 5,5k  is constant and is calculated in Appendix C.  The 
coefficients 5,9k , 5,10k , and 5,11k  are neglected as stated earlier. 
 
Figure 4.4 shows the auto-spectral densities of the most important input barge pitch and 
the auto-spectrum of the output barge pitch moment.  Two peaks can be observed: one 
wave frequency peak corresponding to the 10.2s wave period, another one, around 
0.13Hz, corresponds likely to the resonance frequency for the pitch motion.  Outside of 
the frequency range [0.05Hz, 0.2Hz], the energy is almost zero.  However in Section 2 it 
was estimated that the frequency of the first mode tank wave sloshing is 0.23Hz in the 
80% filled configuration in head seas,  the frequency range of interest is thereby 
extended to [0.05Hz, 0.25Hz] in order to detect the influence of the tank wave, if any. 
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(a) 
 
(b) 
 
Figure 4.4 Auto-spectral densities of (a) the input barge pitch ( )B tθ , and (b) the output 
barge pitch moment ( )yM t , 0˚ heading. 
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A first attempt was made using the equation of motion of Equation 4.11.  The 
cumulative coherence function is shown in Figure 4.6.  It is different from Figure 4.2b 
because it contains also the nonlinear damping and the nonlinear stiffness terms.  It is 
obvious that the system remain very linear with the barge pitch motion being the most 
important input.  Surge pitch, roll and heave motions as well as the nonlinear damping 
term add more coherence near the resonance frequencies.  There is no contribution from 
the nonlinear stiffness except a very slight additional goodness-of-fit around 0.23Hz.  
Since this frequency corresponds to the frequency of the first mode tank wave sloshing 
in the 80% filled configuration in head seas, it can be assumed that some nonlinear 
stiffness is brought from the tank wave sloshing effect.  Due to its very low contribution, 
the quadratic pitch nonlinear stiffness term is discarded. 
 
There is a large dip around 0.13Hz due to the deterioration of the R-MISO method 
accuracy around resonance frequencies.  The coherence is also low at the extremity of 
the frequency range which is caused by the low energy presented in those frequencies as 
explained in Section 3.  For the frequencies corresponding to significant energy 
concentration of the input barge pitch and output barge pitch moment (roughly from 
0.06Hz to 0.15Hz), the final goodness-of-fit is higher than 70% which is a quite 
satisfactory result.  However it is still desirable to improve the coherence.  Since the 
linear part of the equation of motion is quite well established, to improve the overall 
goodness-of-fit of the model different forms of nonlinear terms were tested.  This 
including using other vessel motions that have a higher energy concentration around 
0.13Hz than the barge pitch motion, as well as the mooring line and fender forces.  It 
was observed that adding quadratic mooring line forces can improve the overall 
coherence of the model as illustrated by Figure 4.7.  It was seen in Section 2 that the 
surge motion and the mooring line forces were highly coupled, this may explain why the 
pitch motion, which is usually coupled with the surge motion is influenced by the 
mooring line forces.  Only three of the four mooring lines need to be used: bow lines #1 
and #2 and stern line #1.   
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Figure 4.5 Goodness-of-fit of the initial model, barge pitch case, 0˚ heading. 
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Figure 4.6 Goodness-of-fit of the final model, barge pitch case, 0˚ heading. 
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Figure 4.8 gives an overview of the individual contribution of each input.  
 
After the abandon of the nonlinear stiffness term and the addition of the three quadratic 
mooring line force terms, the final equation of motion adopted for the problem becomes:  
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                                (4.36) 
 
With  
 
( ) ( )1 1BL t BL t  = the quadratic mooring line force of bow line #1. 
 
( ) ( )2 2BL t BL t  = the quadratic mooring line force of bow line #2. 
 
( ) ( )2 2SL t SL t  = the quadratic mooring line force of stern line #2. 
 
1Bl ,  2Bl , 2Sl  = the coefficients related to the previous three quadratic terms. 
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Figure 4.7 Partial coherence functions of the inputs, barge pitch case, 0˚ heading. 
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Figure 4.9 illustrates the magnitude and the phase of the transfer function ( )1A f  which 
relates the barge pitch motion to the output barge pitch moment.  Compared to the same 
transfer function in case of the single barge (Figure 3.7), the main shape of the 
magnitude remains quite similar although the fluctuation is larger in the present case.  
The related virtual mass ( )( )5,5ByyI a f+  is also very similar to the one in the single 
barge case as indicated by Figure 4.10.   
 
As for the phase of the transfer function ( )1A f , the phase shift is no longer close to 0.  
In particular a 90 degree shift can be observed near the resonance frequency around 0.12 
Hz.  This shows that the damping affects more the barge pitch motion in the present case 
than it did when the barge was alone.  Indeed the values of the linear damping 
coefficient ( )5,5c f  are much larger than the ones estimated for the single barge.  
However, negative linear damping was observed around the resonance frequency which 
is fundamentally different from the behavior of a single body vessel.  This can be caused 
by the pumping mode of the water trapped in the gap between the barge and the ship 
which excites the vessel motions instead of providing damping effects.   If the moment 
of inertia 
Byy
I  could have been estimated, then the extracted added mass ( )5,5a f  would 
most likely to behave in a similar way, i.e. to have negative values near the resonance 
frequencies due to the pumping mode of the gap water. 
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Figure 4.8 Magnitude and phase of the transfer function ( )1A f , barge pitch case, 0˚ 
heading. 
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Figure 4.9 Virtual mass coefficient ( )( )5,5ByyI a f+ , barge pitch case, 0˚ heading. 
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Figure 4.10 Linear damping coefficient ( )5,5c f , barge pitch case, 0˚ heading. 
 
  
84
( )5,5a f  and ( )5,5c f  are the diagonal terms from the equation of motion.  In the case of 
a two-body system, the off-diagonal terms can be important as well as mentioned earlier.  
Figure 4.12 assembles the plots of the three cross-coupling added-mass coefficients 
estimated important: ( )5,9a f , ( )5,10a f  and ( )5,11a f  which relate the barge pitch motion 
to respectively the ship heave, ship roll and ship pitch motions.  For ( )5,9a f  and 
( )5,11a f , their values are generally close to zero, except near the resonance frequencies 
where some of negative results can be observed.  It seems that the hydrodynamic 
interactions are important due to the proximity between the two vessels.  In the case of 
the added-mass ( )5,10a f , visible oscillation can be observed in lower frequencies, it is 
possible that the interaction between the barge pitch and the ship roll motion is partly 
caused by lower frequency effect of the mooring system.  Similarly, Figure 4.13 
illustrate the cross-coupling linear damping coefficients ( )5,9c f , ( )5,10c f  and ( )5,11c f .  
Again, outside of the resonance frequencies these values are quite small unlike the 
diagonal linear damping coefficient ( )5,5c f , confirming that the interaction is caused by 
the close proximity of the two vessels.  The magnitudes of these cross-coupling terms 
remain small compared to the diagonal term.   
 
Two kinds of nonlinear terms were included in the equation of motion for the study of 
the barge pitch motion: quadratic relative vertical velocity term (nonlinear damping) and 
the quadratic mooring line force terms.  Their estimated values are plotted respectively 
in Figure 4.14 and Figure 4.15.  The quadratic mooring line force terms are only relevant 
to the two body system and they reveal to be important since they improved the overall 
goodness-of-fit of the model by almost 10% near the resonance frequencies. 
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Figure 4.11 Added mass coefficients of the cross coupling terms, barge pitch case, 0˚ 
heading. 
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Figure 4.12 Linear damping coefficients of the cross coupling terms, barge pitch case, 0˚ 
heading. 
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Figure 4.13 Nonlinear damping coefficient, barge pitch case, 0˚ heading. 
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Figure 4.14 Quadratic mooring line force coefficients, barge pitch case, 0˚ heading. 
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The measured mathematical inputs and the identified parameters were used to 
reconstitute the output barge pitch moment.  The estimated output data was compared 
with the measured values in Figure 4.16.  As in the single body case, the simulated data 
has a periodicity that marches in general quite well with the measured data although 
some phase shifts can be observed.  The amplitude of the simulated data can however 
largely deviate from the measured value.  Besides the imperfection of the mathematical 
model itself and some possible measurement noises induced during the model tests, the 
numerous estimations (derivatives of the time series, linear stiffness coefficient and 
decomposed mooring and fender forces) can be an important source of inaccuracy of the 
result.   
 
 
 
 
Figure 4.15 Comparison between the reconstituted barge pitch moment and the 
measured barge pitch moment, two body system. 
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4.2.2 Ship roll in head seas 
 
The ship roll motion in head seas is an interesting subject of study.  Since the ship is 
longitudinally symmetric, it is expected that its roll motion will be minimal in head seas.  
However in Section 2 it was seen that its magnitude is quite important.  Hydrodynamic 
parameters for this configuration were computed with R-MISO method in order to give 
some insight. 
 
Based on Table 4.1, the simplified equation of motion is: 
 
( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( )
( ) ( ) ( )
10,5 10,50 0
10,8 10,80 0
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t t
G S S
t t
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τ ψ τ τ τ ψ τ τ
τ τ τ
− + −
+ − + − + −
+ + − + − +
+ − + − + −
+ − − −  
∫ ∫
∫ ∫
∫ ∫
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&& &
&& &
&& &
&& &
&& ( ) ( )
( ) ( ) ( )
( )
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10,100
t
S
t
S S
x
z t w t d
r t t d
M t
τ τ τ
τ φ τ φ τ τ
− − −
+ − −
=
∫
∫
&&
                        (4.37) 
   
The cross-coupling terms that are deemed to be important include those relate the ship 
roll motion to the barge pitch, ship sway and ship yaw motions.  Again, the quadratic 
relative vertical velocity term ( ) ( ) ( ) ( )B Bz t w t z t w t− −  & && &  is used for the nonlinear 
damping force and the quadratic displacement ( ) ( )S St tφ φ  is used for the nonlinear 
restoring force because they are the most common nonlinear expressions that one would 
expect.  But the R-MISO method can estimate their relevancy at the end of the parameter 
identification procedure and replace them by other nonlinear terms if necessary.   
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Figure 4.16 shows the spectral densities of the mathematical input ship roll and the 
mathematical output ship roll moment, [0.05Hz, 0.25Hz] remains the frequency range of 
interest. 
 
The overall goodness-of-fit of the model proposed by Equation 4.36 can be quite low for 
certain frequencies as shown by Figure 4.18.  To improve this, different forms of 
nonlinear terms were tested.  As in the previous case of barge pitch, other vessel motions 
that have a higher energy concentration around 0.13Hz than the ship roll motion were 
tested, as well as the mooring line and fender forces.  The quadratic mooring line forces 
and the quadratic fender forces can effectively add coherence to the model.  Figure 4.19 
shows the improved goodness-of-fit.  Although the coherence remains relatively low at 
some frequencies, but improvements up to 20% can be observed.  Figure 4.20 lists the 
partial coherence functions that put into evidence the individual contribution of each 
input.  It is interesting to see that in the barge pitch case studied earlier only the 
quadratic mooring line forces were relevant, whereas in the present case the quadratic 
fender forces are important as well.  Actually one of the main conclusions from the 
motion analysis in Section 2 is that the roll motion is the motion most correlated with the 
fender forces.  Consistently the R-MISO analysis demonstrated that the model needs to 
include the influences of these forces.  The nonlinear stiffness term which is expressed 
as the quadratic roll motion has very small contribution to the model and is therefore 
neglected.   
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Figure 4.16 Auto-spectral densities of (a) the input ship roll ( )S tφ , and (b) the output 
ship roll moment ( )xM t , 0˚ heading. 
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Figure 4.17 Goodness-of-fit of the initial model, ship roll case, 0˚ heading. 
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Figure 4.18 Goodness-of-fit of the final model, ship roll case, 0˚ heading. 
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Figure 4.19 Partial coherence functions of the inputs, ship roll case, 0˚ heading. 
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The equation of motion of the final model is: 
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All the notations are the same as before, with the addition of the quadratic bow fender 
force term ( ) ( )BF t BF t  and the quadratic stern fender force term ( ) ( )SF t SF t  and 
their related coefficients BFl ,  SFl . 
 
After the Fourier transform, Equation 4.37 becomes: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
1 1 2 2 3 3 4 4 5 5
6 6 7 7 8 8 9 9 10 10
A f X f A f X f A f X f A f X f A f X f
A f X f A f X f A f X f A f X f A f X f
Y f
+ + + +
+ + + + +
=
   (4.39)           
 
The transfer functions ( )1A f  to ( )4A f  have the form of: 
 
( ) ( ) ( ) ( ) ( )( )21 10,10 10,10 10,102 2 SxxA f k j f c f f I a fπ π= + − +                                         (4.40)                               
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And the transfer functions ( )5A f  to ( )10A f  only have real parts that equal directly to 
the coefficients 10,10d , 10,10r , BFl , SFl , 1Bl , 2Bl and 2Sl . 
 
The R-MISO identification procedure is the same as the one described in section 4.2.1 
and the hydrodynamic parameters were estimated.  Figure 4.21 and Figure 4.22 are 
respectively the diagonal virtual mass coefficient ( )( )10,10SxxI a f+  and the diagonal 
linear damping coefficient ( )10,10c f .  The virtual mass has the same decreasing shape as 
those observed in earlier cases and the linear damping coefficient is negative near the 
resonance frequency likely due to the gap wave effect.  Negative values can also be 
observed in the off-diagonal added mass and linear damping coefficients as can be seen 
in Figures 4.23 and 4.24.  Similar to what has been observed for the barge pitch motion, 
the cross-coupling linear damping coefficients are significant only for the frequencies 
near the resonance.  However in the present case these cross-coupling coefficients are 
large compared to the diagonal coefficient ( )10,10c f , which was not true for the pitch 
motion.  This indicates that the hydrodynamic interaction has a larger impact on the ship 
roll motion.  The nonlinear damping, mooring line force and fender force terms are 
plotted respectively in Figures 4.25, 4.26 and 4.27.  They also peak around the resonance 
frequencies and the mooring force coefficient has quite high values.  All these 
observations show that although theoretically the roll motion should be minimal owed to 
the translational symmetry of the ship, it is actually important in a side-by-side moored 
two body system due to the hydrodynamic interactions caused by the presence of the 
nearby barge and the pumping wave in the gap between the vessels.  The mechanical 
connectors such as the mooring lines and fenders also add to the interaction between the 
roll motion and other motions. 
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Figure 4.20 Virtual mass coefficient ( )( )10,10SxxI a f+ , ship roll case, 0˚ heading. 
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Figure 4.21 Linear damping coefficient ( )10,10c f , ship roll case, 0˚ heading. 
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Figure 4.22 Added mass and virtual mass coefficients of the cross coupling terms, ship 
roll case, 0˚ heading. 
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Figure 4.23 Linear damping coefficients of the cross coupling terms, ship roll case, 0˚ 
heading. 
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Figure 4.24 Nonlinear damping coefficient, ship roll case, 0˚ heading. 
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Figure 4.25 Quadratic fender force coefficients, ship roll case, 0˚ heading. 
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Figure 4.26 Quadratic mooring line force coefficients, ship roll case, 0˚ heading. 
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4.2.3 Ship heave in head and quartering seas 
 
The last case study is concentrated on the ship heave which is a translational movement 
unlike the pitch and roll motions studied earlier.  All the three heading conditions were 
considered: the head seas at 0˚ heading, the quartering seas at 45˚ heading where the ship 
is exposed to the incident wave and the quartering seas at -45˚ where the ship is partly 
shielded from the incident wave by the barge. 
 
Based on Table 4.1, the simplified equation of motion is slightly different depending on 
the heading condition.  For the 0˚ and the -45˚ headings, the cross-coupling terms that 
are deemed to be important include those relate the ship heave motion to the barge pitch 
and ship pitch motions.  The corresponding equation of motion is: 
 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
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− + −
+ + − + − +
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+ − − − − − −  
+ − −
=
∫ ∫
∫ ∫
∫ ∫
∫
∫
&& &
&& &
&& &
& && &
                                 (4.41)                     
 
With the usual quadratic relative vertical velocity term ( ) ( ) ( ) ( )B Bz t w t z t w t− −  & && &  and 
the quadratic displacement ( ) ( )S Sz t z t  as the nonlinear damping and the nonlinear 
stiffness terms for time being. 
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In the -45˚ heading condition however, the ship surge motion will also be important and 
should be added to the equation of motion.  Thus this last one becomes: 
 
( ) ( ) ( ) ( )
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                                 (4.42)                   
 
Figure 4.30 shows the spectral densities of the mathematical input ship heave and the 
mathematical output ship heave force, [0.05Hz, 0.25Hz] remains the frequency range of 
interest.  It can be seen that the quantities related to the -45 degree heading are much 
larger because the ship is exposed to the incident wave, for this reason both the input and 
the output for this heading are well excited in the wave frequencies.  The 45 degree 
heading where the ship is partly shielded has the lowest energy concentration.     
 
The goodness-of-fit of the initial models were plotted in Figure 4.31.  Overall they are 
quite satisfying, especially the one for the -45 degree heading.  Different combinations 
of nonlinear terms were tested and it turns out that the quadratic mooring line forces are 
once again important, especially for the 0 degree and the -45 degree headings as can be 
seen in Figure 4.32.  They can provide up to 20% of the total coherence for certain 
frequencies.  In the 45 degree case, the mooring line forces provide smaller additional 
coherence.  However the ship roll motion, when taken into account, can add 25% 
coherence around the resonance frequency.  Normally the ship roll motion is not coupled 
with the ship heave motion considering the geometrical form of the ship.  But the 
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coherence function states clearly the important influence of the roll motion on the heave 
motion.  Since in the 45 degree configuration the ship is largely exposed to the incident 
wave, its motions are more important compared to those observed in the other 
configurations.  These relatively large motions can cause green water on the deck whose 
impact may lead to an asymmetry of the ship motion and consequently makes the ship 
heave / roll cross-coupling important.  On the other hand, a milder excitation in the other 
headings does not present the risk of green water and thus keep the heave motion 
independent from the roll motion.  The individual contribution of each input for the three 
heading configurations can be found in Figure 4.33, 4.34 and 4.35.    
 
Including the quadratic mooring line forces, the final equation of motion of the  0 degree 
and -45 degree headings is: 
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Figure 4.27 Auto-spectral densities of (a) the input ship heave ( )Sz t , and (b) the output 
ship heave force ( )zF t , in head and quartering seas. 
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Figure 4.28 Goodness-of-fit of the initial model, ship heave case, in (a) 0˚ heading, (b) 
45˚ heading, and (c) -45˚ heading. 
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Figure 4.29 Goodness-of-fit of the final model, ship heave case, in (a) 0˚ heading, (b) 45˚ 
heading, and (c) -45˚ heading.  
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Figure 4.30 Partial coherence functions of the inputs, ship heave case, 0˚ heading. 
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Figure 4.31 Partial coherence functions of the inputs, ship heave case, 45˚ heading. 
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Figure 4.32 Partial coherence functions of the inputs, ship heave case, -45˚ heading. 
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Whereas the equation of motion for the 45 degree heading configuration is: 
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Note that although both the ship roll and the ship surge motions are only important for 
the 45 degree heading in this example, the reasons of their presence are different.  The 
ship roll as explained is caused by the green water and it should have been otherwise 
independent from the ship heave motion.  The ship surge motion is however coupled 
with the ship heave motion by geometry, it is only present in the 45 degree case because 
its interaction effect is deemed to be negligible for the other two headings. 
 
The R-MISO identification procedure is the same as the one described in sections 4.2.1 
and 4.22 and the hydrodynamic parameters were estimated.  The coefficient directly 
identified using the R-MISO method is the virtual mass coefficient 9,9m a+ .  In this case 
the virtual mass involves directly the mass of the ship unlike in the previous cases where 
moments of inertia were involved.  The mass can be calculated based on the displaced 
volume, it is roughly estimated to be 30500 ton.  This allows the direct display of the 
  
111
added mass coefficient 9,9a  in Figure 4.36 which makes it easier to compare this value 
with the other added mass coefficients.  The curves of 9,9a  are similar for the three 
configurations, with the one for the -45 degree heading slightly smaller.  The diagonal 
linear damping coefficient 9,9c  is shown in Figure 4.37, the damping is higher in the -45 
degree heading near the resonance frequencies but they all eventually converge towards 
zero for higher frequencies.  No important negative values are observed for either the 
added mass or the linear damping coefficients.   
 
The cross-coupling added mass and linear damping coefficients are plotted in 
respectively Figures 4.38 and 4.39.  The ship heave / ship surge and the ship heave / ship 
roll interactions are only studied for the 45 degree heading.  The coefficients 9,5a  and 
9,5c  are quite small and oscillates around zero for the -45 degree shielding configuration, 
showing that the pitch motion of the exposed barge has a small influence on the heave 
motion of the shielded ship.  The other added mass coefficients all have tendency to 
decrease (or increase if most negative) converge toward zero.  The cross-coupling 
damping term 9,11c  is most important in the head seas because the ship pitch motion is 
more excited in this configuration. 
        
The nonlinear damping coefficient, the nonlinear stiffness coefficient and the quadratic 
mooring line force coefficient are shown in Figures 4.40, 4.41 and 4.42.  It seems that 
these values are higher in the head seas, probably because the gap wave effect is the 
most pronounced in that configuration. 
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Figure 4.33 Added mass coefficient ( )9,9a f , ship heave case, head and quartering seas. 
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Figure 4.34 Linear damping coefficient ( )9,9c f , ship heave case, head and quartering 
seas. 
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Figure 4.35 Added mass coefficients of the cross coupling terms, ship heave case, head 
and quartering seas. 
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Figure 4.36 Linear damping coefficients of the cross coupling terms, ship heave case, 
head and quartering seas. 
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Figure 4.37 Nonlinear damping coefficient, ship heave case, head and quartering seas. 
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Figure 4.38 Nonlinear stiffness coefficient, ship heave case, head and quartering seas. 
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Figure 4.39 Quadratic mooring line force coefficients, ship heave case, head and 
quartering seas. 
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5. SUMMARY AND CONCLUSION 
 
 
The response behavior of a two-body hydrodynamic problem was studied in detail for 
the case of a ship moored to a fixed barge that was subject to random sea conditions for 
three different headings. Previously used for single body systems, the R-MISO method 
was extended in this research study to address this specific class of two-body systems. 
The ship was equipped with tanks that could be filled with liquid to specified levels. A 
statistical analysis was initially performed to provide an overview of the general 
response behavior of the system and to detect the possible nonlinearities that might 
present.  This two-body hydrodynamic problem was formulated using an integro-
differential equation approach to develop the equations of motion.  The formulation was 
quite general in that it allowed for the inclusion of linear and nonlinear terms that might 
be postulated to significantly influence the physical behavior of either vessel. The 
Reverse Multi-Input / Single Output (R-MISO) system identification method was then 
applied to estimate the detailed information about the frequency dependent 
hydrodynamic parameters.  In the R-MISO method, the roles of the physical input and 
outputs in the mathematical model are reversed in order to eliminate the feedback terms 
usually associated with nonlinear systems.  
 
The various time series were characterized using statistical parameters, spectral densities 
and linear coherence functions, with the objective of gaining insight into the general 
nature of the linear and nonlinear response behavior of this ship and barge system.  The 
orientation of the physical models was varied with respect to the incident random waves 
and was intended to explore the effects of wave conditions in the gap between the two 
vessels and shielding effects by the barge.  The model headings included head seas and 
two quartering sea conditions ( 45 and -45 degrees).  In addition, the effects of 80% and 
10% fill levels in the ship-board tanks were introduced in the model test program and 
were included to provide some preliminary data on the effects on ship motion 
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characteristics.  It was observed that indeed have the fluid level in the ship tanks did 
have an effect on the ship motion response behavior.  The motion amplitude of the ship 
with 10% fill level was larger compared to that of the 80% fill level and was attributed to 
the smaller ship draft and the increased sensitivity to the incoming waves.  This 
influence of the fluid level was also observed to vary depending on whether the ship was 
shielded or on the weather-side.  In quartering seas the shielding effect provided by the 
barge on the lee side ship is only observed to be important when the tanks are at the 10% 
fill level.  For all the configurations considered in this study, it was confirmed that the 
surge motion was highly correlated with the mooring line forces, and that the fender 
forces are strongly influenced by the roll motion although this relationship was clearly 
more nonlinear in nature.  
 
One of its main advantages of the R-MISO methodology is the ability to sort out relevant 
and irrelevant linear and nonlinear terms through the determination of their contribution 
and magnitude.  This is accomplished first, through the inspection of the partial and 
cumulative coherence functions of the proposed equations of motion, and secondly by 
observing the resulting frequency dependent coefficients over a relevant energetic 
frequency range.  For the single barge configuration it was shown that the equation of 
motion, which included commonly used nonlinear terms, worked quite well and this 
provided a base case for later comparisons.  Further, when the ship was moored to the 
barge the inclusion of the nonlinearities terms related to the mooring and fender forces 
was shown to provide a better description of the system.  The research study was 
focused upon three case studies that examined the barge pitch, ship roll and ship heave 
motions.  Consistent with the observations made form the initial investigation of the data 
using statistical analysis, the mooring line forces had an impact on the pitch motion 
through its coupling with the surge motion, whereas the fender forces impact was more 
evident in the study of the roll motions.  It was observed that the large roll motions 
measured in head seas was related to the pumping mode of the waves trapped between 
the two vessels.  This was manifested in the R-MISO results as negative added-mass and 
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damping coefficients.  The frequency dependent parameters were observed to vary 
somewhat depending on the heading conditions.  In the configuration where the ship was 
exposed to head seas, the R-MISO analysis confirmed the video observation that green 
water was present on the ship.  This R-MISO method results provided insight into the 
related interactions between the ship roll and the ship heave motions that would not have 
been quantified using video findings alone.   
 
During the application of the R-MISO method to the ship and barge two-body system, 
several challenges specific to two-body problems were encountered.  First, considerably 
more data preparation is required.  More specifically, quantities such as mooring line and 
fender forces play an important role in influencing the two-body motion behavior and in 
order to include these force components in the analysis, it is necessary to decompose 
these time series as detailed in Appendix D.  Further, the geometry of the vessels and the 
cross-coupling effects between the motions significantly influence the level of 
complexity of the problem.  It is time consuming to compute all the cross-coupling 
terms, of which, unfortunately, many are not physically important.  Often some of these 
terms can be neglected by recognizing geometric symmetries.  For the remaining terms, 
this study introduced the use of total energy of the different motion interactions to 
determine the dominant terms.  The objective was to simplify the problem and 
consequently reduce the computation load while conserving the accuracy of the model.  
The energy was computed using the zero-th moment of the cross-spectral densities.  It 
was specifically demonstrated how one could select a threshold value below which the 
cross-coupling effects can be considered to be negligible.  The appropriate threshold 
value for the experimental data used in this study was determined through sensitivity 
tests, meaning that the final cumulative coherence of the equation of motion remains 
relatively undisturbed when the presumably negligible cross-coupling terms are 
removed.  A non-dimensional threshold value would be preferable since the different 
units of the zero-th moments can make the comparison difficult.  The issue of 
interpreting the frequency dependant values was also was also discussed because the 
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hydrodynamic and mechanical interactions that exist between two-bodies lead to 
frequency dependant values that can be quite different from a single body case.  For 
instance in the for this two-body system, negative parameters were observed due to the 
gap wave pumping motions, and parameter dependence on vessel heading. 
 
To validate the R-MISO results, the parameter values estimated were substituted back 
into the equation of motion and the mathematical outputs were reconstituted.  Compared 
with the measured data for the two body configuration, the matching is quite good in 
terms of periodicity but a discrepancy in amplitudes of the forces and moments was 
observed.  Overall these comparisons appear to be somewhat less accurate than in the 
single body case.  The errors were believed to be the result of several factors that 
included possible nonlinearities that were overlooked in the model assembly, 
measurement inaccuracies during model testing, values that had to be estimated such as 
the linear stiffness coefficients and finally various manipulations of the data including 
the differentiation and the decomposition of the time series.  
 
The current study was an important step in the development of the R-MISO method for 
the study of more general multi-body problems.  Although the model study was for a 
realistic system the approximation that the barge was fixed provided a useful 
simplification to this vey complex hydrodynamic problem.  If the barge were itself 
moored or replaced by a second ship more complicated interactions could be expected 
but the R_MISO methodology could be applied.  It was demonstrated that an initial 
statistical analysis of the measured time series does provide information that helps one to 
choose the nonlinear terms that should be included in the equations of motion.  Finally, 
in order to isolate the suspected sources of error and lead to a better understanding of the 
strengths and limitations of this methodology numerical studies should be pursued.  
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APPENDIX  A. CALCULATION OF THE ROTATIONS BASED ON THE 
DISPLACEMENT DATA 
 
 
Rigid barge and ship were studied in the present investigation.  Due to their important 
length in the longitudinal direction, some pitch and yaw motions were inevitably 
observed and needed to be taken into account for the accuracy of the study conducted 
here.  Note that the roll motion can be neglected because it is very small as mentioned in 
Section 2.  For those rigid bodies, only acceleration was measured by accelerometers 
installed at different locations on board of the barge and the ship.  To find the values of 
the pitch and yaw motions, the acceleration data were integrated twice to recover the 
displacement data.  From the displacement at different locations on the vessel it was then 
possible to calculate the rotations using trigonometry. 
 
The integration of the acceleration data was performed in frequency domain.  Matlab 
fast Fourier transform (fft) command was used to transform the original time series to 
frequency domain expression for the integration and the inverse fast Fourier transform 
(ifft) command was used to convert the data back to time domain representation.  For 
each of the vessels, displacements at four different locations were thus obtained and 
were used to calculate the pitch and yaw motions.  The detailed procedure is listed 
bellow.    
 
 
A.1. Rotations of the barge  
 
Figure A.1 shows the location of the accelerometers installed on the barge and the 
intermediary points A and B which will be used for the calculation.  Vertical 
accelerations were measured at all the points whereas the tangential accelerations were 
only measured at point 1 and 2. 
  
126
The pitch motion ( )tθ  can be obtained from the vertical displacement information at 
point A knowing that the center of gravity is fixed.  The pitch angle is positive when the 
displacement at point A is positive according to the polarity indicated in Figure A.2. 
 
( )3 4
1
2A
Z Z Z= +                                                                                                           (A.1) 
 
( ) 180arcsin AZtθ
π
 = × ∆ 
                                                                                             (A.2) 
 
With  
iZ  the vertical displacement at point i . 
' ' 28.29AO BO m∆ = = =  
 
The yaw motion ( )tψ  can be approximated by using the radius r of the circle formed by 
the accelerometers and the tangential displacement 1d  or 2d  as shown by Figure A.3: 
 
( ) 1 180arctan dt
r
ψ
π
 = × 
 
                                                                                             (A.3) 
 
With  
1d  = tangential displacement at accelerometer 1 
22 28.29 40r m= × ≈  
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Figure A.1.  Position of the accelerometers and the intermediary points on the barge 
 
 
Figure A.2.  Pitch angle 
 
 
Figure A.3.  Yaw angle 
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A.2. Rotations of the ship 
 
Figure A.4 indicates the locations of the accelerometers on the ship.  The port side and 
starboard side accelerometers located near the stern of the ship measures only vertical 
accelerations.  The one along the centerline near the stern measures only the acceleration 
in the y-direction, whereas the accelerometer near the bow measures the accelerations in 
all the three directions. 
 
The vertical displacements measured by the accelerometers located at the bow and stern 
of the ship along the centerline were used to calculate the pitch angles ( )tθ  (Figure 
A.5).  The pitch angle is positive when the displacement at the stern is positive. 
 
( ) 180arcsin sZt
L
θ
π
 = × 
 
                                                                                             (A.4)               
 
With  
sZ  the vertical displacement at the bow  
L  = distance between O’ and the bow accelerator = 32.55 m  
 
With respect to Figure A.6, The yaw angle ( )tψ  is calculated by using the following 
equation: 
 
( )
2 2
180
2 arcsin
2
b bX Y
t
L
ψ
π
 +
 = × × 
 
 
                                                                         (A.5)   
 
With bX  and bY  respectively the displacements in x and y direction at the bow. 
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Figure A.4. Position of the accelerometers on the ship 
 
 
 
                                                    Figure A.5.  Pitch angle 
 
 
 
Figure A.6.  Yaw angle 
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APPENDIX B. VALIDATION OF MATLAB PROGRAM 
 
 
The Matlab program written for the system identification calculation consists of five 
consecutive functions.   
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
function [data_0mean, M] = zero_mean (data) 
  
% Step 1. Calculate the 0 mean data to prepare for the spectral density 
computation. 
 
% data = matrix consists of the n inputs and the 1 output (n+1 columns) 
% data_0mean = zero mean input and output vectors 
% M = number of inputs + output 
  
mat_dim = size(data); 
N = mat_dim(1);                   % length of each vector 
M = mat_dim(2);                   % number of inputs + output 
  
for i = 1:M 
    data_0mean (:, i)= data(:, i) - mean(data(:,i)); 
end 
 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
function [S_uc, f] = uncondition_S (data_0mean, M, nfft, noverlap, 
nwin, Fs) 
 
% Step 2. Calculate the initial (unconditionned) spectral densities.   
 
% nfft = number of FFT 
% noverlap = number of overlapping 
% nwin = window 
% Fs = sampling frequency = 1/time lag 
% S_uc = unconditionned spectral densities 
 
% S(i,j,f,k) = auto- and cross-spectral densities, with i,j = 1, ... M  
% f = 0, ... Fs/2,  frequency vector 
% k = degree of conditioning (k = 1 means original spectral densities, 
% k = 2 means that the influence of input #1 is removed, etc.) 
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for i = 1:M 
    for j = 1:M 
        [S_uc(i,j,:,1), f] = cpsd(data_0mean(:,i), data_0mean(:,j), 
nwin, noverlap, nfft, Fs); 
    end; 
end; 
 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
function [S, L] = condition_SL (S_uc, M, f) 
 
% Step 3. Calculate the conditioned (uncorrelated) spectral densities 
and the conditioned transfer functions. 
  
% S = conditionned spectral densities 
% L = conditionned transfer functions 
 
S = zeros(M,M,length(f),M-1);                
  
for i = 1:M 
    for j = 1:M 
        S(i,j,:,1) = S_uc(i,j,:,1); 
    end 
end 
  
for k = 1:M-1 
    for i = k+1:M 
        for j = k+1:M          
             
            L(k,j,:) = S(k,j,:,k)./S(k,k,:,k); 
  
            if i == j 
                S(i,j,:,k+1) = S(i,j,:,k) - 
(abs(L(k,j,:)).^2).*S(k,k,:,k); 
            else 
                S(i,j,:,k+1) = S(i,j,:,k) - L(k,j,:).*S(i,k,:,k); 
            end 
  
        end 
    end 
end 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
function [A] = original_A (M, L, f) 
  
% Step 4. Calculate the original transfer functions A 
  
% A = the original transfer functions 
  
H(M-1,M,:) = L(M-1,M,:);                  
  
for i = M-2 : -1 : 1   
    A = zeros(1,1,length(f));                      
    for j = i+1 : M-1 
        A = A + L(i,j,:).*H(j,M,:);       
    end 
    H(i,M,:) = L(i,M,:) - A; 
end 
 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
function [OCF, CCF, Noise] = goodness (S, M, f, le) 
  
% Step 5. Calculate the goodness of fit of the model.  
 
% OCF = ordinary coherence function 
% CCF = cumulative coherence function 
% Noise = extraneous noise 
 
% le = length(f) 
 
for i = 1:M-1 
    OCF(i,M,:) = abs(S(i,M,:,i)).^2./(S(i,i,:,i).*S(M,M,:,1)); 
    if i==1 
        CCF(1,M,:) = OCF(1,M,:); 
    else 
        CCF(i,M,:) = CCF(i-1,M,:) + OCF(i,M,:); 
    end 
end 
  
Noise = (1-CCF_final).* S(M,M,:,1); 
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This program was validated by being applied to the case study of a single degree of 
freedom (SDOF) linear system published by Bendat (1990).  The differential equation is 
as followed: 
 
mu cu ku F+ + =&& &                                                                                                           (B.1) 
 
With  
m  = mass = 1.0 
c  = linear damping coefficient = 3.77 
k  = linear stiffness coefficient = 355.3 
 
The dynamic response displacement output data ( )u t  was a randomly generated 
Gaussian distributed time series.  The corresponding excitation forces ( )F t were 
obtained using the given values of system parameters and is low-pass filtered with a 
sharp cutoff at 10 Hz. 
 
In the case study, Bendat estimated the magnitude as well as the phase of the reverse 
dynamic frequency response function of the system.  Figures B1 and B2 compare these 
published results with the simulated result using the Matlab program developed for the 
current research work.  The similarity between the published and the simulated results 
validate the Matlab program. Note that the dip observed in the magnitude plot occurs 
near the resonance frequency: 
 
1
3.0
2n
k
f Hz
mπ
= =                                                                                                   (B.2) 
 
 
 
 
  
134
(a) 
 
 
(b) 
        
 
Figure B1. Comparison between (a) the published response function magnitude (Bendat, 
1990) and (b) the simulated response function magnitude. 
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(a) 
 
 
 (b) 
          
 
Figure B2. Comparison between (a) the published response function phase (Bendat, 
1990) and (b) the simulated response function phase. 
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APPENDIX C. COMPUTATION OF LINEAR STIFFNESS COEFFICIENTS 
 
 
In this section, the constant linear stiffness coefficients are estimated for both barge and 
ship to solve the problem of partitioning the identified results. 
 
In section 3.2 and 3.3 it was stated that the general equation of motion of a floating body 
is: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( )M a x t cx t kx t dD t rR t y t+ + + + + =&& &                                                    (C.1) 
 
With the mathematical inputs in the R-MISO method being the motion time series ( )x t , 
the nonlinear hydrodynamic damping force term ( )D t  and the nonlinear restoring force 
term ( )R t .  The mathematical output is the excitation force ( )y t .  And ( )M a+ , c , k , 
d , and r  are the parameters to be identified. 
 
The Fourier transform of Equation C.1 relates each of the inputs to the output. 
 
( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3A f X f A f X f A f X f Y f+ + =                                                (C.2) 
 
With iA  being the transfer functions: 
 
( ) ( ) ( ) ( ) ( ) ( )( )21 2 2A f k f j f c f f M a fπ π= + − +                                                  (C.3)                               
 
( ) ( )2A f d f=                                                                                                      (C.4) 
 
( ) ( )3A f r f=                                                                                                   (C.5)   
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When the transfer functions are identified, no ambiguity exists as to the values of the 
nonlinear damping coefficient d  and the nonlinear stiffness coefficient r , as well as that 
of the linear damping coefficient c .  However, the linear stiffness coefficient k  and the 
virtual mass ( )M a+ , being both included in the real part of the same transfer function 
1A  as shown in Equation C.3, can not be distinguished without any additional 
information. 
 
An initial attempt was made to use an additional input which is the time series of the 
motion acceleration.  This manipulation would divide the transfer function in Equation 
C.3 into two transfer functions, each containing only one parameter in their real part.  
However, this method encountered a major obstacle due to the high correlation between 
the motion input data and the additional motion acceleration input data.  R-MISO 
method does not work well when the two inputs data are too correlated because the 
conditioning procedure will leave one input data virtually useless.  
 
Instead of processing the input data to reduce the correlation between them as suggested 
by Liagre (2002), it was decided to estimate the linear stiffness coefficients of the 
vessels based on their geometrical shape. 
 
C.1. Linear stiffness coefficient of the barge  
 
The barge is a 60m 160m×  rectangular as indicated in Figure C.1.  The calculation of 
the linear stiffness is much simplified due to its symmetrical shape.  The only non-zero 
coefficient for the barge is the one related to the pitch motion.  By definition (Faltinsen, 
1990): 
 
( ) 255
WP
B G A
k gV z z g x dsρ ρ= − + ∫∫          (C.6) 
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With 
WPA  = waterplane area 
V  = displaced volume of water 
Bz  = z-coordinate of the center of buoyancy 
Gz  = z-coordinate of the center of gravity 
ρ  = density of seawater 
 
The center of buoyancy is simply the center of the displaced volume, whereas the center 
of gravity is approximated at 10m from the keel based on available information.  The 
moment of inertia about y-axis 2
WPA
x ds∫∫  for a rectangular can be easily calculated using 
the well-known equation: 
 
3
2
12WPy A
b h
I x ds= =∫∫                                                                                                      (C.7) 
 
With b = 160m and h =60m.   
 
Based on these values, the linear stiffness 55k  of the barge was estimated to be 202700 
MN.m.  It is observed that the second term at the right-hand side of the Equation C.6, 
which contains 2
WPA
x ds∫∫ , is significantly dominant due to the large waterplane area of 
the barge.  Thus the calculated 55k  remains quite accurate despite the use of an 
approximate value for the center of gravity.   
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Figure C.1 Waterplane of the barge 
 
 
Figure C.2 Waterplane of the ship based on ship survey data 
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C.2. Linear stiffness of the ship 
 
All the 6 degrees of freedom of the moored ship are to be considered.  With the x-z plane 
as a symmetry plane for the submerged volume, the non-zero coefficients for the ship are 
by definition (Faltinsen, 1990): 
 
33 WPk gAρ=                                                                                                                   (C.8) 
 
35 53
WPA
k k g xdsρ= = − ∫∫           (C.9) 
 
( ) 244
WP
B G A
k gV z z g y dsρ ρ= − + ∫∫        (C.10) 
 
( ) 255
WP
B G A
k gV z z g x dsρ ρ= − + ∫∫        (C.11) 
 
The shape of the waterplane area of the ship was estimated from the available ship 
survey data.  The draft of the ship in the 80% filled case is 8.26m, in order to have 
enough survey points to plot the waterplane all survey points having a z-axis value 
between 8m and 8.5m were used.  Figure C.2 is the plot showing the waterplane area, 
symmetrical along the longitudinal, in the ship-fixed reference system based on a total of 
26 survey points.  Based on these survey results, the waterplane area WPA  is estimated to 
be 3857 2m .    
 
The moment of inertia about y-axis is by definition: 
 
( )
87.1 87.12 2 2
1 2 187.1 87.1
2
WP
y A
I x ds x y y dx x y dx
− −
= = − =∫∫ ∫ ∫                                      (C.12) 
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The equations ( )y x  can be approximated by dividing the waterplane area into five 
linear sections along the x-axis as shown in Figure C.3.  The plot is not proportional for 
reason of visual clarity.  The equations of each section are as followed, with ( )1y x  
describing the portion of the perimeter having positive y and ( )2y x  the symmetrical part 
with negative y: 
 
Section 1:  ( ) ( )1 0.677 87.1y x x= +   ( ) ( )2 0.677 87.1y x x= − +                   (C.13) 
 
Section 2:  ( ) ( )1 6.7 0.223 77.2y x x= + +  ( ) ( )2 6.7 0.223 77.2y x x= − − +           (C.14) 
 
Section 3:  ( )1 12.9y x =    ( )2 12.9y x = −                                     (C.15) 
 
Section 4:  ( ) ( )1 12.9 0.155 56.4y x x= − −  ( ) ( )2 12.9 0.155 56.4y x x= − + −         (C.16) 
 
Section 5:  ( ) ( )1 10.6 0.667 71.2y x x= − −      ( ) ( )2 10.6 0.667 71.2y x x= − + −        (C.17) 
 
With these equations, yI  is approximated to be 7527070 
4m . 
 
Similarly, the moment of inertia about x-axis is by definition: 
 
( )
12.92 2
1 212.9WP
x A
I y ds y x x dy
−
= = −∫∫ ∫                                                                 (C.18) 
 
It can be obtained by dividing the waterplane area into linear sections along the y-axis as 
shown in Figure C.4.  However, six sections are needed because the ship does not have a 
fore and aft symmetry.  
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Figure C.3 Division of the waterplane for the calculation of the moment of inertia yI  
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Figure C.4 Division of the waterplane for the calculation of the moment of inertia xI  
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The equations of each section are as followed, with ( )1x y  describing the portion of the 
perimeter having positive y and ( )2x y  the symmetrical part with negative y: 
 
Section 1:  ( ) ( )1 49.4 4.484 12.9x y y= − − +        ( ) ( )2 56.4 6.435 12.9x y y= + +     (C.19) 
 
Section 2:  ( ) ( )1 49.4 4.484 12.9x y y= − − +         ( ) ( )2 71.2 1.5 10.6x y y= + +         (C.20) 
 
Section 3:  ( ) ( )1 77.2 1.478 6.7x y y= − − +        ( ) ( )2 71.2 1.5 10.6x y y= + +         (C.21) 
 
Section 4:  ( )1 87.1 1.478x y y= − +         2 87.1 1.5x y= −               (C.22) 
 
Section 5:  ( ) ( )1 77.2 4.484 6.7x y y= − + −           2 87.1 1.5x y= −                             (C.23) 
 
Section 6:  ( ) ( )1 77.2 4.484 6.7x y y= − + −           ( ) ( )2 71.2 6.435 10.6x y y= − −     (C.24) 
 
With these equations, xI  is approximated to be 190410 
4m . 
 
From the available information, the center of buyancy of the 80% filled ship is about 
4.7m and the center of gravity is about 7m above the keel.  The displacement is about 
31000 3m . 
 
Insert these calculated values into Equations C.8 – C.11, the linear stiffness coefficients 
of the ship can be computed: 
 
33 38858774 N/m 38.9 MN/mWPk gAρ= = ≈                                                             (C.25) 
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35 53 55603208N 55.6MN
WPA
k k g xdsρ= = − = ≈∫∫                 (C.26)
     
( ) 244 2636694228 N.m 2637 MN.m
WP
B G A
k gV z z g y dsρ ρ= − + = ≈∫∫                   (C.27)
      
( ) 255 76552589962 N.m 76553 MN.m
WP
B G A
k gV z z g x dsρ ρ= − + = ≈∫∫              (C.28) 
 
Similar to the case of the barge, the parts containing moments of inertia in Equations 
C.21 and C.22 are more dominant compared to the parts containing the ( )B Gz z− , 
showing that the approximate estimation of the center of gravity and center of buoyancy 
does not have a large impact on the final result of the linear stiffness coefficient.  
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APPENDIX D. FORCE DECOMPOSITION 
 
 
The use of the R-MISO method requires the knowledge of the total force decomposed 
into six degrees of freedom.  In the coupled barge and ship configuration, the equation of 
motion should include the mooring line force and the fender force exerted on the vessels.  
However, the experimental data only provides values of inline mooring line and fender 
forces.  To decompose them into the forces and moments corresponding to the six 
degrees of freedom, it is essential to know the relative position of the two vessels thus 
the inclination of the mooring lines and fenders. 
 
Both the barge-fixed and ship-fixed reference systems used during the data measuring is 
centered at the vessel’s keel / center / midship as a result of the different draft levels 
considered.  In the current study, only the 80% filled ship case is concerned because this 
is the only configuration that enough information is available for an R-MISO analysis.  
In this configuration, the draft of the barge is 15m and that of the ship is 8.26m.   
 
The position of the attach points of the mooring lines and fenders in both x-z and x-y 
planes are indicated in Figures D.1 and D.2 for respectively the barge and the ship.  The 
four points on the barge are the attach points for the four mooring lines and the two 
points on the ship corresponds each to the attach point of a pair of mooring lines and a 
rigid fender at fore and aft locations (see Figure 2.1).  Note that since the fenders were 
modeled as rigid rods fixed on the ship having roller contact with the barge, there is no 
fender attach points on the barge.  However, the inclination of the rigid rods can be 
calculated without problem when the attach points on the ship are known.     
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Figure D.1 x-y plane and x-z plane views of the mooring line attach points on the barge. 
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Figure D.2 x-y plane and x-z plane views of the mooring line and fender attach points on 
the ship. 
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As explained in Section 2, the surge, sway, heave motions of the barge can be neglected 
because the barge is fixed at its center.  Table D.1 is a reproduction of Table 2.2 showing 
the standard deviations of the rotations of two vessels in the 80% filled configuration.  
Compared to the rotation motions of the ship, it can be concluded that only the pitch 
motion of the barge is large enough to be kept for the calculation of the relative position 
of the two vessels. 
 
The time series of the barge roll as well as those of the 6 DOF motions of the ship are 
known.  Using trigonometry, it is possible to calculate the position of the mooring line 
and fender attach points at every moment.  These positions give the inclinations of the 
mooring line and fender rod that are needed for the decomposition of the inline forces 
and moments. 
 
D.1 Final position of the attach points in the initial barge-fixed reference system  
 
The only motion involved is the barge pitch motion ( )tθ  and the center of the barge-
fixed reference system is keel / center / midship.  Figure D.3 shows the initial position of 
a pair of attach points 0M  and 0N  equal-distant from the z-axis.  They can be either the 
pair of bow mooring line 1 (B1) and stern mooring line 2 (S2) or the pair of bow 
mooring line 2 (B2) and stern mooring line 1 (S1), the calculation procedure is the same. 
 
Let 
 
0
0
arctan M
M
x
z
α =                                                                              (D.1) 
 
0
0
arctan N
N
z
x
β =            (D.2) 
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 80%, 0° 80%, -45° 80%, 45° 
Barge roll 0.005 0.01 0.01 
Ship roll 0.47 0.39 1.11 
Barge pitch 0.10 0.18 0.09 
Ship pitch 0.36 0.48 0.86 
Barge yaw 0.03 0.05 0.04 
Ship yaw 0.21 0.18 0.31 
 
Table D.1 Comparison between the standard deviations of the barge and ship rotation 
motions (unit: degree)   
 
 
 
 
Figure D.3 Position of the attach point on barge before and after pitch rotation.  
View looking into the starboard side of the ship. 
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0 0
2 2
0 M Md x z= +            (D.2) 
 
Then the x and z coordinates of the attach point M after the pitch rotation are: 
 
( )
1 0 0
sign sinM Mx x d α θ= −                                                                                        (D.3) 
 
( )
1 0 0
sign cosM Mz z d α θ= −                                                                                        (D.4) 
 
These equations work regardless the sign of the pitch motion.  The sign of the 
coordinates does not change because the rotation is small.  Note that sin α θ−  and  
cos α θ−  are always positive because 0
2
πα θ< − < . 
 
Similarly, the x and z coordinates of the attach point N after the pitch rotation are: 
 
( )
1 0 0
sign cosN Nx x d β θ= −                                                                                         (D.5) 
 
( )
1 0 0
sign sinN Nz z d β θ= −           (D.6) 
 
The y coordinates remain the same because the pitch rotation does not change these 
values. 
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D.2 Final position of the attach points in the initial ship-fixed reference system  
 
In the case of the ship, one needs to take into account the motions in all the six degrees 
of freedom.  The surge, sway and heave motions were measured with respect to the 
initial ship-fixed reference, thus these values can be added directly to the initial x, y and 
z coordinates of the attach points.  To have a consistent notation with the barge case, let 
these new coordinates after the translations be 0x , 0y  and 0z . 
 
The Equations D.3 – D.6 are valid for the ship pitch motion, they give 1x , 1y  and 1z  
which are the coordinates of the attach points after the pitch motion.  These values are 
used in turn as departure values for the calculation of positions after the roll motion 
( )tφ .  Figure D.4 show the positions of the attach points after the pitch rotation ( 1M  and 
1N ) and those after both the pitch and roll rotations ( 2M  and 2N ).  On this figure, the 
origin of the reference system becomes higher than the keel at the ship bow due to a 
positive pitch motion (for illustration purpose), the opposite occurs if the pitch is 
negative.  2M  and 2N  are in the same quadrant of the y-z plane, their equations will be 
the same.  Only 1M  and 2M  were shown in Figure D.4 for the illustration of the 
method. 
 
Let 
1
1
arctan M
M
y
z
γ =                                                                              (D.7) 
 
1 1
2 2
1 M Md y z= +            (D.8) 
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Figure D.4 Position of the attach point on ship before and after roll rotation, 
in addition to pitch motion.  View looking into the bow of the ship. 
 
 
Figure D.5 Position of the attach point on ship before and after yaw rotation, 
in addition to pitch and roll motions.  View from the top of the ship. 
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Then the y and z coordinates of the attach point M after the pitch and roll rotations are: 
 
( )
2 1 1
sign sinM My y d γ φ= −                                                                                        (D.9) 
 
( )
2 1 1
sign cosM Mz z d γ φ= −                                                                                       (D.10) 
 
The y and z coordinates of the attach point N after the pitch and roll rotations are: 
 
( )
2 1 1
sign sinN Ny y d γ φ= −                                                                                        (D.11) 
 
( )
2 1 1
sign cosN Nz z d γ φ= −                                                                                        (D.12) 
 
Again, these equations work regardless the sign of the pitch and roll motions.  The x 
coordinates remain the same because the roll rotation does not change these values. 
 
Finally, when the yaw motion ( )tψ  is taken into account, the previous positions 2M  
and 2N  become the final positions fM  and fN  as shown in Figure D.5.   
 
Let 
 
2
2
arctan M
M
x
y
δ =                                                                            (D.13) 
 
2
2
arctan N
N
y
x
ζ =                     (D.14) 
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2 2
2 2
2 M Md x y= +          (D.15) 
 
Then the x and y coordinates of the attach point M after the pitch, roll and yaw rotations 
are: 
 
( )
2 2
sign sin
fM M
x x d δ ψ= −                                                                                     (D.16) 
 
( )
2 2
sign cos
fM M
y y d δ ψ= −                                                                                    (D.17) 
 
Similarly, the x and y coordinates of the attach point N after the pitch, roll and yaw 
rotations are: 
 
( )
2 2
sign cos
fN N
x x d ζ ψ= −                                                                                     (D.18) 
 
( )
2 2
sign sin
fN N
y y d ζ ψ= −                              (D.19) 
 
The z coordinates remain the same because the yaw rotation does not change these 
values. 
 
Note that the above calculation is valid assuming the order in which the rotations were 
calculated is not important considering that the rotations are small. 
 
D.3 Relative position between the barge and the ship 
 
In order to calculate the relative position, a common reference system needs to be used, 
for instance the initial barge-fixed reference system.  In such reference, the attach points 
on the two vessels have the initial coordinates indicated in Figure D.6.   
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Figure D.7 Angles of decomposition in the x-y plane. 
 
 
 
Figure D.8 Angles of decomposition in the y-z plane. 
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Figure D.7 shows the angles 2Sα , 2Bα , 1Sα  and 2Sα  needed for the decomposition of 
the inline mooring line forces in the x-y plane.  Take the example of 1Sα , it is calculated 
using the following formula: 
 
1
1
1
arctan arctan FS SS
FS S
y yy
x x x
α
−∆
= =
∆ −
       (D.20) 
 
Absolute values of the angles were used because the measured inline forces already have 
already taken into account the polarity (positive values for tensions and negative values 
for compressions). 
 
Continuing the example of the stern mooring line #1, its forces in x and y directions are: 
 
1_ 1 1cosS x S SF F α=                                                                                                      (D.21) 
 
1_ 1 1sinS y S SF F α=                                                                                                       (D.22) 
 
Note that 1cos Sα  and 1sin Sα  are always positive because 10 2S
πα< < . 
 
The fenders were modeled as rigid rods fixed on the ship, in-line with the transversal 
axis of the ship.  Since they do not have fixed contact points on the barge, the inclination 
of the fenders is calculated solely base on the motion of the ship.  In the x-y plane, the 
yaw angle ( )tψ  of the ship is used for the force decomposition: 
 
_ sinFS x FSF F ψ=                                                                                                       (D.23) 
 
_ cosFS y FSF F ψ=                                                                                                      (D.24) 
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Figure D.8 shows the angle β necessary for the decomposition of the forces in y-z plane. 
Again take the example of the stern mooring line #1, the angle 1Sβ  is calculated using the 
following formula: 
 
1
1
1
arctan arctan FS SS
FS S
z zz
y y y
β
−∆
= =
∆ −
       (D.25) 
 
The mooring line force in the z-direction is: 
 
1_ 1 1sinS z S SF F β=                                                                                                        (D.26) 
 
The fender force is decomposed in the y-z plane using the ship roll angle ( )tφ : 
 
_ sinFS z FSF F φ=                                                                                                        (D.27) 
  
In the equation of motion used for the parameter identification of the two-body system 
(Equation 4.2), only resultant forces are needed for the mooring line force and fender 
force. 
 
The resultant mooring line force in all the three axis is expressed as: 
 
_ 1_ 2 _ 1_ 2_l z B z B z S z S zF F F F F= + + +                                                                              (D.28) 
 
_ 1_ 2_ 1_ 2 _l y B y B y S y S yF F F F F= + + +                   (D.29) 
 
_ 1_ 2 _ 1_ 2_l z B z B z S z S zF F F F F= + + +                   (D.30) 
 
  
159
The corresponding moments are calculated using Equation D.31: 
 
x x x
y y y
z z z
M r F
M r F
M r F
     
     = ×     
     
     
         (D.31) 
 
That is: 
 
x y z z yM r F r F= −          (D.32) 
 
y z x x zM r F r F= −          (D.33) 
 
z x y y xM r F r F= −          (D.34) 
 
With M  being the moment of the resultant force, F  the force vector and r  the distance 
between the resultant force vector and the axis of rotation.  In the case of the moments 
with respect to the barge axis for example, 0mxr = ,  30.32myr = − , 21.59mzr = .   
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